Coherent state path integral and nonhnear sigma model for a condensate 
composed of fermions with precise, discrete steps in the time development and 
with transformations from Euclidean path integrations to spherical field variables 

Bernhard Miecli0 
Abstract 

A coherent state path integral is considered for fermions with precise, discrete time separation so that 
non-hermitian actions are obtained; the complex-conjugated, anti-commuting fields V'£s(^p + Atp) always 
follow a discrete time step 'Atp' later on the non-equilibrium time contour than the corresponding fields 
''Px,s{tp) according to the chosen normal ordering within the original, second quantized Hamilton operator. 
We describe details of the derivation for a nonlinear sigma model of a pair condensate composed of fermions 
concerning the precise, discrete time step order which is usually abbreviated by the appealing (but in fact 
non-existent) hermitian form of the fields. The non-hermitian kind of actions with additional time shift 'Atp' 
in ipg ^(tp -\- Atp) (relative to ips^sitp)) is necessary in order to avoid infinities which arise from the simultane- 
ous action of field operators with their hermitian conjugates caused by the defining anti-commutators. This 
problem is ubiquitous in quantum many-body physics and already occurs in the original Dyson equation. 
However, one has only to include a few amendments concerning the precise, discrete time step development of 
coherent state path integrals, compared to previous, abridged approaches, so that one can accomplish the ex- 
act treatment and derivation of a spontaneous symmetry breaking (SSB) with a coset decomposition for coset 
matrices of pair condensates and sub-algebra elements of density parts. The involved Hubbard- Stratonovich 
transformation (HST) to self-energies is also stated more precisely regarding the separation to exact, discrete 
time steps with a few amendments for the matrix operations of hermitian conjugation and transposition of 
dyadic product related density matrices and hermitian self-energies. Finally, we define and give details for the 
transformation of path integrals from the Euclidean base manifold with Cartesian coordinates to spherical 
field variables so that inherent, rotational symmetries can be used to simplify non-perturbative calculations 
of path integrals. The involved metric tensor of spatial coordinates, considered as indices in addition to the 
spin indices, is therefore given as an extension of the metric tensor of internal degrees of freedom so that the 
supplementary invariant integration measure is achieved from the inverse square root of the determinant of 
the metric tensor with spatial indices. 
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1 Introduction 

1.1 The problem of discrete time steps in coherent state path integrals 

Coherent states are a convenient tool to transform the time development of second quantized Hamilton operators 
to path integrals for quantum many particle problems. In general coherent states are determined by a coset 
decomposition of the underlying dynamical group where transformations with the maximal, commuting Cartan 
sub-algebra only change the reference state (as a vacuum or ground state) by redundant phases; on the contrary 
the cosets generate from the chosen reference state new states always being distinct up to redundant phase 
transformations by the subgroup elements [l]. In this paper we restrict to coherent states for the Heisenberg 
algebra of anti-commuting field operators in a spontaneous symmetry breaking (SSB,[2^,'3]) for pair condensates 
composed of fermionic constituents [ll|5]. Previous articles of this problem with SSB in a coherent state path 
integral contain abbreviated, simplified relations and equations concerning the problem of precise, subsequent 
time steps of the time development and concerning the problem of Hubbard-Stratonovich transformations 
(IIST,[6j) to self-energies for coset decompositions [7l[8l[9]. Therefore, we briefly describe in sections [2] to [3] 
various details of these transformations with appropriate time steps in a coherent state path integral on the 
non-equilibrium time contour. Despite of widespread use in many particle physics, these details of 'correct time 
step limits' of second quantized field operators are usually omitted for brevity, but are ubiquitous and have to 
be considered as soon as path integrations of coherent state fields are performed for quantum effects beyond 
classical approximations of the actions in the exponentials. 

Although it is straightforward to obtain coherent state path integrals from insertion of overcomplete sets 
of coherent states for discrete, subsequently separated steps of the time development, there arises the problem 
of a suitable, discrete time-labelling of coherent state fields which substitute the field operators of second 
quantization in many particle systems. Apart from the derivation of the pair condensate of fermions in sections 
to [2] to [3l we briefly illustrate a simpler problem for the second quantized Hamilton operator (|1.2p with Fermi 
field operators ipa, 'ipj^ (jl.ip which are indexed by the first Greek letters a, /3, 7, . . . for various states as e. 
g. momentum space, coordinate space states or random states of disorder, etc. . Aside from a one-particle 
operator haf3, a real, symmetric interaction potential Vap is introduced for nontrivial contributions in a many 
particle problem 

-Ipa -Ipl + i'l i'a = {i^a , i^l) ^ ; V'a + V'a = {^Q 5 = ; (1.1) 

^ ^ ^ ^ \ ^ 

^ Kl3 + 2 X] Ipa ; (1-2) 

a,f3 a,f3 

hal3 ; Vip = Val3eR. (1.3) 

There exist various kinds of coherent state path integrals for the time development with a particular second 
quantized Hamilton operator as the normal ordering ^tpa i^p , the so called Weyl ordering \'ijja V'/? — '0a)/2' 
or the anti-normal order ^ipp ipa' [lO]; arbitrary mixtures between normal and anti-normal order can also 
be chosen with the Weyl-ordering as an intermediate choice between the two mentioned extremes of normal 
and anti-normal order. In this paper we restrict to a normal ordering and take for this special case the 
precise, discrete steps of the time development involving the derivation of a nonlinear sigma model with a 
coset decomposition. The normal order of the prevailing Hamilton operator for the coherent state path integral 
avoids infinities or ambiguities following from {ipa , '4'j^}+ = ^af3- As one considers the corresponding coherent 
state path integral of (jl.mi.3p with normal ordering between two coherent states \il){Tm\)) and {iIj{T^\„)\ for the 
'ini'tial and 'fin'al field configuration, one has to notice the occurrence of coherent state fields in combinations 



Sap 

Hii'iJp) 
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as 'tp^it + At) hafs Tpf^ity and 'ip^{t + At) ip^{t + At) \ Vpa ipisit) ^a(i)' (|1.4p as the precise, discrete time steps 

instead of the more appeahng 'hermitian' combinations 'V'aC*) ''Ppi'tY ^^'^ h i^isit) ipaitY 

(|1.5|) [llj. The latter combination p.5|) with equal times of ip^i^)' V'/slO seems to be more preferable for 
HST's to self-energies, coset decompositions and other transformations and approximations using an (indeed 
non-existent) hermitian property of the actions under subsequent separation into discrete time steps. We apply 
the definition iV'(i)) = expl^^Val*) V'a}|0) (jl.6lll.9p without the normalizing weight exp{— ■!/;* (i) ipa{t)} 
for times Tfjn > t > Tjni so that this weight has additionally to be included into the unit operator 1 (jl.8ll.9p 
of overcomplete sets and into the definition of appropriate initial and final configurations of coherent states 

l^(Iini)), (V'(rfin)l 



{i;iTrj\^\ - dt Hi^Pli^p) HV'l^ini)) = (1.4) 



Tin 



...d[lPl{t + At),^fs{t + At)]d[i:l{t),^Pp{t)] ... e-E.'/'S(*+^*)'/'-(*+^*) g" '^'S W V'. W ...x 

normal ordering ! 

l^Pit + At)) {i;{t + At)\e^p{-^^At M^iiJp) ]\m) {m\ ■■■ = 

^ V ' 

— Va(i + Ai) -V'aW 



= I d[C(t),V'/3(t)] expl-^ I ""dt^C(* + At) i-ih) 

X expi-^f dt^(lpl{t + At)(ha,f3-l£+Saf3)'4^f3{t) + 

+ + At) V^(t + At) Vf^a #(t) Mt)^ } ; (e+ > 0) ; 



At 



convenient, 'lax' hermitian form : 



(V(rfin)|S5E^<| dtH{4;li,p)\\^{T;,-,))= I d[ra{t),Mt)] X (1-5) 



X exp I - ^ dtY^ (^^*^{t) - ih^^-te+ya^p + Kp^ i^p{t) + i V'^O i^pit) ^«(t)^ I ; 

m)) = exp{^Va(i)^l}|0) ; V'a|V'(i)> =^a(i)|V'(i)> ; (1.6) 

a 

(v(t)i = (o|exp{^^«cw} ; {m\^l = {m\ra{t); (i-7) 
d[C(t),^a(t)] exp{ -^cw Mt)} \m) {m\ ; (1-8) 



Insert unit operator V (II. Sp with fields ipa{t), '0a(O fo'^ times between (Tfjn > t > Tini)! . (1-9) 



The problem of taking the proper, discrete time steps ()1.4p in coherent state path integrals can be circumvented 
by a pragmatic point of view which can be summarized as follows (and will also be applied to the more 
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sophisticated problem for a pair condensate creation from HST's, coset decompositions and a gradient expansion 
in sections [2] to [3]) 

• As far as classical approximations are only taken from the variations 5/5ilj'^{t+At), 6/6'ip^{t) of the actions 
in (jl.4p . ()1.5p . the precise, discrete time steps 't + At' or 't' do not matter if the chosen intervals 'At' are 
sufficiently small for the maximal energy range AEmax of the physical problem (At • AEf^ax <ti 1 ■ h) 

/3 ^ ^ 



'Eq. ([LSI 



= E Mt) + ^^t) Mt) Mt)^ ■ (1-11) 

Hence, one should achieve physical results independent of the chosen discrete, time separation in the 
classical equations for sufficiently small time intervals At adequate to the considered energy range of the 
classical many body problem. 

However, as one tries to include quantum effects (e. g. quadratic quantum fluctuations around classical 
field solutions of the actions) , the precise form ()1.4p of discrete time steps has to be used in the path inte- 
grations over coherent states. This is obvious because 'ip^{t+At) and ip^i'^) are unrelated, completely inde- 
pendent, different integration variables in the coherent state path integral so that the path integration of 
the laxed form (jl.5p 'V'a(i) V'/3(*) + V'aCO V'^(*) k 4^ /sit) V'a(*)' fails to give correct physical results 
and the precise, discrete time steps dUI) 'C(* + A*) K/s p{t) + i)l{t + At) ip^t + At) i tPpit) ipaity 
should be taken into account instead. We have to point out that it is a very convenient standard form 
in literature to abbreviate the coherent state path integrals by their (non-existent) hermitian versions 
(jl.Sp of the actions in order to simplify the appearance of equations, but has always to keep in mind the 
precise, discrete separations of time steps ()1.4p as soon as a path integration of coherent state fields is 
performed beyond classical approximations from variations of the actions. 

Despite of the non-hermitian property of the interaction potential ^il;^{t + At) ipp{t + At) ^ V^q, ■0/3 (*) i^aity 
in (jl.4p . it is possible to transform to a hermitian self-energy density d'apit) by a small modification of the HST 
for the case with the lax, hermitian form of interaction. Apart from the imaginary increment — ^e+ 6a/3 of ha/3 
for appropriate convergence properties of Green functions, we include a suitable imaginary increment in the 
real, symmetric interaction potential Va/s for a convergent Gaussian integration of the self-energy aa/3{t) 

^i/si*) = ^a/sit) ; Vga G R ; = Vpc, ; e+ = da/3 e+ ; (e+ > 0) ; (1.12) 
d[aa/3{t)] exp { - / dt^ ^ ^ X (1.13) 

X (<Ta/3(i) - Va,3 Mt) ^lit + At)) (<7/3a(0 " V^a 4^/3{t) ^ai^ + At) 
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exp <j - — dt Y,i^*a{t + ^t) {t + At) %a {t) i^a (t) 



(1.14) 



X exp 



lim I dia^^it)] exp I - ^ / 



Vaj3 + « 



Tfin 



0/3 



VV^(t + At) a^„(t) Va(t) 



Note the precise, discrete time steps ''(/'^(t + At) apa{t) ipait)' in relation (jl.l4p which coincides with ^tp^i^ + 
At) hai3 ipp{ty in (jl.4p along the first lower subdiagonal of matrix elements of the discrete time indices. 
Therefore, we define the matrix Mj3a{t',t) (jl.l5ll.l6p for the states '/3, a' with the particular, discrete time 
steps 't',t' specified by Kronecker deltas ^6t'^t — <5(t' — t)' and '6t>^t+At ~ <5(t' — t — At)' which replace the 
corresponding delta functions; however, we omit the complete labeling with time step indices for brevity 

(t, t' = (to = lini), (tl = 21ni + At), . . . , (tjV-1 = Tfin - At), (t^ = Tfin) ) 



At-M^„(t',t) 



Of3a ^ yni3a - I e+ + U j3a{t) ] Of ,t+At ] 



(1.15) 



~d/dt=-{t/h) E 

( 1/3q 

(to) — l/3a 



At-M^„(t',t) 



V 



rhi3a{tN-2) - l/3c 



(1.16) 



rhpa{tN-l) — l/3a l/3a / 



After substitution of the HST (|1. 12111. 14p and the matrix Mf3a{t',t) (|1.15|1.16p into (fLlj) . we acquire the path 
integral (|1.17ll.l8p with bilinear coherent state fields which are to be removed by Gaussian integration with 
convergence generating imaginary factor '— «e+ S^a added to one particle operator /i^^ 



Tfin 



(V'(rfin)ISJp -- / dti7(^T^V/3) IV'(^ni) 



d[aapit)] exp<^ - — / (it 2^ 



Tin 



Q/3 



Vai3 + « £- 



X / '^[C(0>V'/3(i)] exp 



Tfin 



4 / ""dty 



det 



det 



'^['5"q/3(0] exp 



Tfi, 



a,f3 

<5"a/3(t) (T/3a(t) 



det 



Mf3a{t',t) 



At 



+ ^ ( ^/3a - « e+ + '5'/3a(t) ) (^t',t+At 



(1.17) 



(1.18) 
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In this manner one has mapped the original coherent state path integral ()1.4p of Grassmann fields with precise, 
discrete time steps to a path integral (|1.17|1.18|) with the hermitian self-energy integration variables 6"^Q(t) 
(11.12lfLT4l) by using the matrix Mf^a{t',t) ()1.15|1.16p with one-particle operator h/^o,. If one only applies a lax 
kind of matrix as M R^ jt' , t) (jl.l9p with missing infinitesimal time shifts At as already given in relation (jl.Sp 

K/3a{t',t) = Spa— +^{hf3a - « + <7/3a(i)) ^t' ,t 



At 

( + "^/3a(^o) 



(1.19) 



-1 



f3a 



i/3a + m/3aitl) 



\ 



ifSa + rilf3a{tN-2) 



\ 



Ipa + rhpa{tN~l) 
— l/3a 



i/3a + rh/3a{tN) I 



one has obviously made a mistake because the precise location of the self-energy as integration variable enters 
into the computation of the fermion determinant and path integral. This problem of the shift of w,/3Q,(t) to 
its first lower sub-diagonal is also inherent in the original Dyson equation which utilizes the corresponding 
relation (jl.20p with the self-energy matrix E^Q,(t',t) (jl.22p . the total Green function Gf^ait',t) and the free 
Green function g/3ocit',t) (ll.2ip instead of our path integral ()1.17|1.18p 



Mpait',t) 
^f3ait',t) 



G^l{t',t)=g^^{t',t) + J:f,^{t',t) 



. Sf ,t - Sf ,t+At t (7 
S^o. + ^ [iT-lSa 



e+) St',t+M ; 

(X S(t'-t-At) 



oc 5{t'-t-At) 



(1.20) 
(1.21) 

(1.22) 



The exact form of the Dyson equation includes an infinitesimal shift At in the delta functions 5{t' — t — At) 
in order to avoid the action of a field operator ■0a(t) with its hermitian conjugate ?/'<L(t) at the same time 
point. (This essential time shift At is usually omitted for convenience in standard representations of the 
Dyson equation !). As one starts to solve the Dyson equation (e. g. by iteration) without these time shifts 
At in the delta functions, one fails to achieve correct, meaningful physical results. Therefore, the removal of 
these infinitesimal, inconspicuous time shifts At proves to be erroneous at the quantum level where one has 
to perform correct path integrations of the prevailing independent integration variables. However, we again 
emphasize that these shifts and limits with time interval At are assumed to be present in the physical literature 
of many particle physics even though they are usually omitted in the presentation of equations for brevity and 
clarity of mathematical relations. 

In the remainder of this paper we briefly describe by various amendments the precise location of proper time 
shifts Atp=-|- on the non-equilibrium time contour; these brief amendments of the necessary, precise time shifts 
Atp=-|- at the quantum level are performed for the more sophisticated problem with a spontaneous symmetry 
breaking to a pair condensate composed of fermionic constituents where various HST's and coset decompositions 
are involved in the derivation for coset matrices T{x, tp) consisting of anomalous terms. We distinguish between 
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the two cases of a spatially short-ranged Vq b^^^i and long-ranged V|^_:^'| interaction potential in sections 12.2112.41 
and l3.1|3.2t respectively. The short-ranged interaction only yields local self-energies after the HST whereas the 
general, long-ranged interaction case results into spatially nonlocal self-energies whose dimensions are extended 
by the total number Mx p.23p of spatial grid points for a D-dimensional spherical volume with discrete intervals 
Ax in each dimension and radial length L (^b :=surface angle, ^b=2 = 2vr, ^d=2, = ^vr) 



AC 



D 



L 



D \Ax 



D 



(1.23) 



We emphasize that the total number of considered space points p.23p can be applied as the relevant 
parameter for saddle point approximations and gradient expansions in particular for the bulk of an ordered 
(or even disordered) system where the (coupled) field variables of the self-energy at the various, different space 
points can be taken as equivalent in the case of an approximate translational space symmetry. 

The parameter J\fx (11.23P with the maximum possible energy HQ = h(l/\Atp \ ), due to discrete time steps, 
appears in the transformation of the determinant of an operator to its exponential-trace-logarithm form 
because this transformation requires space and time integrals for the extraction of actions from the trace- 
logarithm term. The trace does not only comprise internal degrees of freedom as angular momentum or spin 
s =t, I, but has also to incorporate the discrete, spatial grid and involved discrete time points 



DET{6} = expjTRlnOj =exp|y^ 



^r/p^AAT¥ln6 



TR 



Tr 



[■ 1 



complete trace with summation over discrete space and time points 
without infinitesimal volume elements ; 
trace over internal degrees of freedom ; 



X 

dtn ■ 



d^x/S 



D 



C 



\x\<L 

time contour integral ; rjp 
{hQ)-Mx ; 17 = l/|Atp| 



(space integral normalized by spherical volume S^) ; 

time contour metric ; (cf. following Eqs. (|2.8|2.9p 



(1.24) 
(1.25) 

(1.26) 
(1.27) 

;(1.28) 
(1.29) 



In the final sections 14.1114. 21 we describe how to transform from 'path integration field variables' on an underlying 
Euclidean, 'fiat' spatial grid to spherical coordinates (for D = 2, 3) in order to take into account rotational 
symmetries of the actions. This transformation is performed under the assumption that the coherent state path 
integrals in discrete form can be regarded as ordinary integrals of complex variables in multiple dimensions 
following from the Mx (|1.23p discrete grid points. Therefore, we start out from following metric of (dS)^ (|1.3Up 
with complex (,anti-commuting) fields i^*^ s{tp)-, '4's,s{tp) where the summations over the spatial grid points are 
included apart from internal degrees of freedom (e.g. the spin summation in following sections) 



[dSf = X] X] ^V'|,s(ip) dip^^sitp) 

X 8 = 1,1 



(1.30) 



Since the inverse square root of the metric tensor of (dS)^ (|1.3Up determines the invariant integration measure, 
one obtains the corresponding integration measure in spherical coordinates by transforming with the spherical 
basis functions and by regrouping in (dS)'^ the transformed fields with spherical coordinate 'indices'. 
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2 Coherent state path integral for a pair condensate composed of fermions 

2.1 Grassmann fields of fermionic operators and the non-equilibrium time contour 

It is our main destination to supplement the various, essential time shifts of matrix elements analogous to 
^I3a{t' ^t) (|l-15|1.16p in order to derive a pair condensate in terms of coset matrices T{x,tp) after HST's, coset 
decompositions and also a gradient expansion. We consider fermionic field operators V'^^s, ■i/'i^ (j2.1|2.2p on a 
D-dimensional, Cartesian space grid, specified by the D-dimensional vectors x, x', xi, x[, . . . , X2, x'^, • • • , and 
include the spin 1/2 angular momentum s, s', ... =t, | as internal degree of freedom 

i'x,s ; i^l^^s' ■ •5> •s'; Si, s[, ... , S2, Sg, • • • =T Or j ; (2.1) 
{i'x,s , V'i',s'}+ = ^ss' ; {lpx,s , i'x',s'}^ = . (2.2) 



Aside from the real two-body potential V|^'_£|, the second quantized Hamilton operator H (ip^ , , t) (j2.3p 
consists of the spin independent one-particle operator h{x) (12. Ih with kinetic energy and external potential 
u{x) which is shifted by the zero-temperature, chemical potential /xq as a reference energy. Furthermore, 
the second quantized Hamilton operator H{ip\iil),t) (j2.3p contains symmetry breaking source fields, as the 
anti-commuting fields j^-s{x,t), jlp.g{x,t) (j2.5p for a coherent, macroscopic field {'4'x,s{'t)) of fermions and the 
complex, even- valued, anti-symmetric field matrices jiijtp-ss'{x,t), jlp^.ss>{x,t) (12. 6p for creating anomalous pair 
condensates as {ip^^sit) i^x',s'{t)) aiid their hermitian conjugates ('0^ ^(t) ip^g/ ^'(0) 

H{^^j,t) = "^is Hx) 4'x,s + Yl Yl v^ks' 4,. 4',.' + (2.3) 

X s=t,i x,x' s,s'=t,i 

X s = T,i 



-y tr 

X 

?2 



Kx) = 7i- + - Ho ; (2.4) 
2m 

j^;s{x,t) , jlp-^s{x,t) G Qodd j j4)ip;s.s' {x , t) G ^even ] j^^-^ss' (•'^ ^ ^) ~ ~ j^l)^l);ss' {x ,t) ] (2-5) 

H^-ss'{x,t) = {f2) , j^^{x,t) ; j^^{x,t) = \j^^{x,t)\ exp{i7(f,t)} . (2.6) 



We point out the particular definition (j2.7p for the complex conjugation of a product of anti-commuting fields 
.^1 ... so that the 'rea/' term tp^ g{t) 4'x,s{t) or of coherent state fields is reproduced under the defined 
complex conjugated transformation 

{ii-.-iuY = Cn---Ci: cr = ^j; (eKi)* = CKr = CK, ■ (2.7) 

In comparison to section [LT| we introduce a forward and an additional backward time development ()2.8|) for the 
coherent state matrix elements of the propagator of the second quantized Hamilton operator H (t/j^ , tp , t) (j2.3p : 
this guarantees the generating functional to be normalized to unity. The 'ini'tial ('fin'al) coherent state field 
configurations are created from the vacuum by the source fields in the last two lines of H{il)\ip,t) (j2.3p . The 
forward '-|-' and backward '— ' time development is combined by the non-equilibrium time contour 'tp=±','tg=±' 
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(j2.8p where one has to distinguish between time variables , 't^', 't^' (indices 'p, q = it') for forward 

and backward propagation by using a time contour metric r]p=± = p = ±1 



L 



■Tini rTf,„ f-Tf,„ 

dtp... = I dt+...+ I dt = / dt+...- dt (2. 









dt+ 








c 


p=±'' 


^ ini 


= \^tp\ 





C ■^'^Hni ''^fin ''^ni ''^n 

dtp\ 7]p ... ; 7/p=± = p = ±1 ; 

Mp = \/\tp\ rip . (2.9) 

Since we aim on the derivation of pair condensates with coset matrices, we have to perform an anomalous 
doubling of fields V'£,s(*p) with their complex conjugates V'^s(*p) to the composed field ^^^(ip) (|2.10p where 
the first letters a, 5, ... of the Latin alphabet specify one out of the two possible components of g{tp) (|2.10|) 

(and similar for its anomalous doubled, hermitian-conjug ated form ^t'^(tp) (l2TTT) l 

(1) : ^ equal time\ anomalous-doubled field : 

^t'^'Htp) = (^ijjjj )" = (v;£;^;g^)^ (2.10) 

a=l a=2 

(2) : 'hermitian-conjugation' of 'equal time\ anomalous-doubled field : 

"^If'^h) = f^L(tp); V'.>(ip)) • (2.11) 



According to the analogous normal ordering of i7('i/;^,'0,t) (j2.3p for the 'contour time' development 'Tp' similar 
to (fOl) 

{<d\7p^i^-^jjtpH{ij\^,t)^\{)) = 1, (2.12) 
ordering operator on the time contour : Tp , 

one has to add an infinitesimal, non-equilibrium time shift Atp = |Atp| r/p in the complex conjugated second 

part of *^'^^(tp) = fp^sitp) i^*^ s^h + A*p); however, the 'true' hermitian conjugation of '^'^S~^^'^\tp) (|2.1U|) 

just yields 'equal time' fields in ^'t'*^^"^^^-* (tp) (j2.1ip or under consideration of the just mentioned time shift 

i^*xs{h) 'P*xsih + ^tp) in ^T^ih) the incorrect, hermitian conjugated case where the complex 

conjugated field ip'^ g{tp) in the first part (a = 1) acts before its second part ipg^sitp + Atp) (a = 2) contrary to 

the normal ordering of the second quantized field operators in H{'ip^,ip,t) ()2.3p for the non-equilibrium time 

development. Therefore, we have to define an additional hermitian conjug ation ¥^''~^^^\tp) (imi) of a shghtly 

modified, anomalous doubled field ^'t^~^^'^\tp) ()2.13p which is adapted to the normal ordering of H {ip^ , ip , t) 
(|2.3p with the field creation operators tpt ^ left to the annihilation operators "ipg^s^ thereby always acting the 
time interval Atp later on the time contour H 

(1) : Hime shifted' Atp, anomalous-doubled field ' ' : 



"^The fields ^ti'^ ^'^^'(^p) or ^j"! ^^^\^p)j which include the additional time shifts 'Atp' in the complex parts ijj't ^{tp + Atp) 
relative to ip^^s^tp), are marked by the symbol ' ' above the Greek, capital letter of the field and also above an analogous matrix. 



2.1 Grassmann fields of fermionic operators and the non-equilibrium time contour 



11 



^t'^'\t,) = ( Y = {pAtpl ; rat, + At,)f ; (2.13) 

a=l a=2 

(2) : 'hermitian-conjugation' with Hime shift correction^ Atp 
in the resulting complex part : 

^t'^'\tp) ^ ^'g='/'\tp)=(^i,(tp + At,); V;^). (2.14) 

a=l a=2 

In later steps to the derivation of the pair condensates, we have to take dyadic products (j2.15p and (I2.16P of the 
anomalous doubled fields '^g^^^^'^\tp) (|2.10p . ^^^'^^^'^\tp) (|2.13p with their corresponding hermitian conjugates 
(I2H]), (12111) so that there arise two distinct forms of dyadic products 

tp) = nsitp)^^^lAtp) 



^f.s:,'Atp) = msitp)(S>¥'.itp). (2.16) 



The latter dyadic product g{tp) g/(ip) (|2.16p is more appropriate for the correct time ordering in the 
anomalous doubled coherent state path integrals and for the definition of density matrices whereas we have to 
apply the first, 'equal time' version g(ip) ^ g, (tp) p.lSp for the definition of a total, hermitian self-energy 
matrix. In consequence, we list in relations (j2.17l2.18p and (j2.19l2.20p the two different cases of dyadic products 
of anomalous doubled fields corresponding to (j2.15p and to (I2.16p . respectively. The first case (12. 15|2. 17112. ISp 
is completely hermitian by using the ordinary hermitian conjugation for defining a hermitian self-energy 
whereas the second case (12. 1612. 19112. 20p takes into account the shifts with the time interval Atp for ipt, ^, (tp + 
Atp) (compared to V'x,s(ip)) iii order to avoid incorrect, 'equal time' combinations as ipt, g,{tp) . . . tpx,s{'tp) in 
the coherent state path integral. The two different kinds of dyadic products of anomalous doubled fields can 
be considered as spatially nonlocal order parameters ^'g'g.gi s'(^p) (|2.17p . ^'g'g.^i g'{tp) (|2.19p with density terms 
on the block diagonals (a = b) and anomalous pair condensates on the off-diagonal blocks (a ^ h) 

\ mAh)r,.,A^p)) {r,Ap)^^'Atp)) i I ^Is^^'Atp) ^Z-^^'Atp) . 



^x,s;x',s'(h) = '^i,i;x',s'(*p) ^ x,s;x' ,s'^^p) ^ ~^ x,s;x' ,s' (h) 



(2.18) 



^ts;x',s'itp) = ^Isitp) ® H\Ah) = ^*'^{tf+^^^^^ <E>{r,',s'itp + Atp);i;,,^g,{tp)y (2.19) 

\ ii'lsitp + ^tp) 'v-i,^,, {tp + Atp)) ir^A^p + ^tp) (tp)) ) 

^ ( H]s;x',A^P^ Hl;^',Atp) ] 
\ ^]s;^',A^p) ^ll;x',Atp) . 
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x,s;x' ,s' \ P' 



^x,s;x',s'\''P) 



(b^^ (t ) 

^x's;x's'ih) 



'^x,s:x's'(h) 



(2.20) 



Apart from the ordinary hermitian conjugation and transposition relations ()2.18p between the various block 
parts of ^'i'g.gi s'i^p)^ extend to the combined transposition, trace and hermitian conjugation (|2.2m2.23]) of 



all four involved blocks of ^'(^p) ™- its entity 



^]l,s;x',s'^^p) ^i:fs;x',s'(*p) 
^x,s;x's'i'^p) ^x,s:x's'('^p) 



Tr 

a,s;b,s' 



^il',s;x',s'ih) 



i^^g^x' ,s' i'tp) 



tr 



^x,s:x's'ih) 



+ tr 



^x,s:x's'ih) 



^x,s;x',s'(^p) ^x,s;x',s'(h) 
^x,s;x',s'('^p) ^x,s;x',s'ih) 



{^]s;x',A'p)y {^l]s;x',A*p)y 

i^i;x',A'p)y {m;x',Ah)y 



(2.21) 
(2.22) 
(2.23) 



In a similar manner we have defined an order parameter ^*^^^.^/ g'{tp) in (|2.19l2.20p appropriate for anomalous 
doubled density matrices and take into account the proper time ordering of the normal ordered Hamilton 
operator H{ijj^ ,Tp, t) (j2.3p with inclusion of time shifts Atp. Therefore, one has to adapt the ordinary hermitian 
conjugation (j2. 1012. lip to the introduced hermitian conjugation ()2.13|2.14p which comprises an additional 
time shift correction Atp in such a manner that the resulting complex parts g{tp + Atp) follow a particular 
time step Atp later from ip^^sitp) on the non-equilibrium time contour tp. In analogy to relations (j2. 21112. 2"3|) . we 
specify transposition, traces and the time shifted, hermitian conjugation in relations (12. 24112. 2"6]) for the total 
dyadic product '^^^(ip) ® ^l^-lSp related order parameter ^'g^.^i s'{tp) (|2.19p . As already mentioned, 

this kind of order order parameter with the appropriate time shifts Atp has to be used for the density matrices 
in the time development on the non-equilibrium time contour 



ab 



x,s:x' ,S' 



T 



,11 A $12 

X 

S21 A ^22 



^!]ls:x',s'ih) ^!is:x's'('^p) 



i^^s^x',s'(tp)f iMls;x',s'itp)y 



^x,s:x's'(h) ^x,s;x',s'(*p) 



1> 



12 



c',s'(^p)) 



T 



22 



;x',5'(*p)) 



Tr 

a,s;b,s' 



ab 



c',s'(*p) 



ab 



x,s:x' ,S' 



(tp 



tr 
sii 



^h]s;x',s'i^p) 



+ tr 



^'^s;x',s'ih) 



^^]s;x',s'(h) ^x,s;x',s'('^p) 
^x,s;x's'('^p) ^x,s;x',s'(^p) 



i^Z^x',s'iip))^ m]s;x',A'p)) 
mi;x',A'p)Y mi;x',Atp)) 




Using the above definitions and notations, we can state the following path integral (I2.27P of coherent states with 
the precise, appropriate subsequent steps of the time development on the time contour. Note the described, 
essential time shifts Atp in the complex parts g{tp + Atp) and the additional, anomalous doubled source 

matrix ^^"^/.^^(igjip) for generating bilinear or higher even order correlation functions with ^ft^ ^'(^q) ^|<j(*p)- 
The source fields j^;s(x, tp) (j2.5p . jipip-ss'{x,tp) (j2.6p . which are extended to a dependence on the time contour 
for generating observables, are set to equivalent values on the two branches of the time contour at the final end 
after complete transformations (|2.29|2.30p so that these eventually act as condensate seeds for a macroscopic 
wavefunction {ip^A'^p)) ^"^^ ^ non-vanishing pair condensate correlation function {tp^^si'tp) '^x\s'{t'q)) 



d['4'*x',s'itp)^^xA^p)] 



expj --^^dtp^ ^ V'i,(tp + Atp) Hp{x,tp) V's,,(tp)|(2.27) 



X s=T,i 
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^ •^'^ x,x' s,s'=1,l ^ 

exp I - ^ dtp ^ {^j^-six, tp) ipsAh^ + i'h^h + Atp) 
+ '^*x,s'{tp + ^tp) '^*xAh + ^*p) Ui';s's{x, tp) I 

^ «^p{-4/^*p<E E ^iAt',)3'^,s'-,x^sit',,tp)nAtp)]^ 

^ -''^ x.x' s.s'=T.i ^ 



X exp 



Hp{x, tp) 



x,x' s,s'=t,J, 

-ii^p - iip + hix) = -ih- ^ + 1- uix) - fio ; 

dtn 



2m 



dtp Y VxAh + ^h) ^p{x, tp) il^^Ah) = 



(2.28) 



c 



dtp 



ih i)*^ s{tp + Atp 



Atr, 



c 



dtp dt'g Y ^*xAQ ^QP Vq ( -i^ ^Vtp+Atp ^ ^^^^^ _ ^ Sf^^tp+Atj, ) i^xAh) 



X]S=1,i 



dtp dt'^ '('UK + ^K) vJ-^n + CHx) - 1 Ep) 5,, ) ^,Ah) ; 

^ x;s=t,J. ^ ^ 

jtp;six,tp) := j^-six,t) ; 'condensate seed' for (V'^,s(tp)) ; 
3ipip;ss'{x.,tp) := j^^-ss'{x,t) ; 'condensate seed' for (V'x,s'(tp) ipxAh)) ■ 



(2.29) 
(2.30) 



2.2 Self-energy with anomalous terms and coset decomposition into density and pair 
condensate parts 

In order to achieve a HST for anomalous doubled, quartic fields of the interaction, we consider following 
transformation from the ordinary, 'appropriate' time shifted density (I2.3ip to its anomalous doubled density 
form with metric §4x4 (|2.32p . One has to apply the fields g{tp) with the hermitian conjugation '^' (j2.13l2.14p 
instead of the 'equal time' fields ^^^(ip) with 'equal time' hermitian conjugation 't' p.l0|2.11ll so that the 
additional time shift Atp is always preserved in the complex parts ipg g{tp + Atp) relative to ipx,s{tp) 



#J + ^h) ^x,s (tp) = \ (fil {tp + Atp) ^^^g (tp) - vj, (tp) s (tp + Atp)) 



-¥l{tp)s^Ah)-^ 



4x4 



{ 



l2x2 ; — l2x2 
a=l a=2 



I ; 12x2 = iss' ; s,s' =T,i 



(2.31) 



(2.32) 
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Straightforward application of (|2.31|2.32p for dyadic products (|2.16p transforms the quartic interaction part to 
its anomafous doubled kind (|2.33|) with anomalous doubled density matrix R^'g.^i si{tp) (|2.34I2.35|) having the 
appropriate, subsequent time shifts in all the complex parts tpg g(tp + Atp) (relative to 



x,x' s,s'=T,J, 



(2.33) 



x,x' s,s'=^,l ^ ^ 

Tr 



\x—x'\ 



y\x-x' 



1 



V Tr 

x,x' 



S R 



ah 



. (tp ) 

x,s;x' ,s' ^ ^ ' 



F&^f , ^ (tp) 



Vi 



x—x'\ ) 



R 



'(tp) 

(tp) 
(tp) 



11 

'x,s;x',s' 
22 

'x,s;x',s' 

x,s;x',s'i^p) 
21 

'x,s:x's' 



I ^h]s;x',s'('^p) ^^s;x',s'('^p) 
\ Rx,s;x',s'('^p) -^x,s;x',s'(*p) 

^xAh) '4'S's'ih + ^tp 



ab 



(2.34) 



R^ gi (tp) ', 



x,s\x\s' 
i22,i 



22 



'x,s:x' ,s' 



(tp) 
(tp) 



^x,s;x',s'\''P) ' 

i21,T 



IpxAh) '^x',s'itp) = 

i'*xAtp + ^tp)As',s'(.tp + ^tp) 

~R'i!,sfx',s'(h) ' Rl]s;x',s'ih) '- 



^x.s-.x'.s'^'-p) ■ 



(2.35) 



The doubled density matrix Rfg.g,g,{tp) (12.3412. 35|) with pair condensate terms in the off-diagonal blocks 

(a 7^ h) is constructed according to the dyadic product (I2.16P and order parameter ^^^.^i g, (tp) (|2.19|2.20|2.241 
I2.26P : however, the self-energy matrix has to comply with the hermitian, anomalous doubled order parameter 
^ts;S',s'ih) (12.1712. 1812. 21ll2:23]l or dyadic product (I2T5I1 with solely equal time fields ^'|,(tp) and equal 
time hermitian conjugation 'T' (j2. 1012. lip . In order to emphasize symmetries, we simplify to the case of a 
short-ranged interaction potential 

^ Sg^gi Vo , (2.36) 
which will be extended to the general case of arbitrary long-ranged interaction potentials V\g_gi\ ^ S^^^i Vq in 
section [3l We therefore introduce the anomalous doubled self-energy matrix E"^, (x, tp) ()2.37p which consists 
of the block diagonal, hermitian density field cr^.^^/ (x, tp) and the additional self-energy (5E"^, (x, tp) ()2.4ip . 
having hermitian density blocks (5S]g, (x, tp), 5Y?^g,{x,tp) (|2.38|2.39|2. 4312. 41)1 as subalgebra elements and anti- 
hermitian related coset parts i (x, tp), i (5S^^, (x, tp) (j2. 45112. 47|) in the off-diagonal blocks (which is pointed 
out by the tilde ' ' above (x, tp)). We take the analogous notation of Ref. [8] for the super-symmetric, 
ortho-symplectic case Osp(S', S\2L) j U(L|S') (giU(L|S'), but reduce relations to the even, fermion-fermion blocks 
in order to underline the appropriate, precise steps in the time development. Thus, the coset matrices for 
anomalous parts are denoted by T'(x, tp) and the remaining block diagonal densities are labeled by SY^^Q-g^g^ {x, tp) 
in the coset decomposition (I2.42P 



'^ss' (^) tp) — AAggi {x,tp) 5ab + STigg, (x , tp) 



(O)afe / ^ 



(2.37) 
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ab 



.(0) 



11 



^(0)11.^ ^ ^ _ (0) ^ ^. ^(0)22.^ . _ (0)T . 

" D;ss'\^^ ^PJ ~ " D;s' s\-^ ^ ''P I ^ 



ab 



(0) ^^xvlw^, ^ t5tf^,{x,tp) 



ab 



i5tf^,{x,tp) 



Tab /'rj 



(2.38) 
(2.39) 
(2.40) 

(2.41) 

(2.42) 



a2b 

S2S' 



ssi 
aai 



^gi'(^'*p) + (^(^>^p))"' Q:,y'i^^tp) <5A^r"^(f,tp) QX,^(x,tp) (f-iix.tp))"'"^ 



S2« 



a2b 



S2S' 



6tll,{x,tp) 

\22 



Stl],;\x, tp) ; Stll,{x, tp) = 6tff{x, tp) ; 



5Ki,{x,tp) 
5tfA^,tp) 
5tfAx,tp) 



6±fA^,tp) 



6^fAx,tp) ^ 



6t,l^A{x,tp) = I 



-6tlir{x,tp) = I 







+5tl]{x,t 



12 



+ (x , tp) 

"-11 



tiV-^'-p; 




(x,tp) 



21 







(2.43) 
(2.44) 

(fa)^^, StWix^tp) ■ (2.45) 

(2.46) 



(f2)^^, 5tf^*{x,tp)- (2.47) 



/ ^5S]f,(x,^p) 5Sj],(f,tp) 

-5^ff{x,tp)^ iStf^x^tp) |gso(4); 



5tll, {x, tp) ^ (6tf^, (x, tp) = -Stl'/ix, tp) ) G u(2) 



(2.48) 



(2.49) 

The block diagonal densities 6T,f}.g^g^ (x, tp) (12. 42|2. 50112. 53p are further decomposed into eigenvalues (5A"f^(x, tp), 

5Xs{x, tp) (|2.54|2.55p and diagonalizing matrices Q^g/(x, tp) (|2. 56112. 58]) with generator 3^D;ss'{^, tp) and complex 
parameter 9"||(x, tp) (|2.59|2.60|) . The details of the parameters and generators are listed in Eqs. (|2.50|) to (|2.60|) 
and are in complete accordance with the given parameters and generators of the more general ortho-symplectic 
case [S] which is just restricted to the even, fermion-fermion parts in order to point out the problem of the 
appropriate, precise discrete time steps in the coset decomposition 

6t'$.,,,{x,tp) = 6ab dt'i^.,,,{x,tp) ■ (2.50) 
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SXs{x, tp 

Qss' (-^J 



Qss' (-^J 



Qss' (-^J 



9" D;ss' (^) 



~^^Z);'^'(^'*p) ! 

Qsis'^'^i^^^p) ^^s"=s(^'*p) Qss2(^'*p) 
a=l a=2 



Qss' (-^J ^p) 



ab 



exph3'D;siS2ix,tp)\] ; 

/ ss' 

expj - z 3"|^.^^32(^'*p)}^ ; 

) 9"D;ss' (^) ^p) ~ '^Ij-ss' ^p) 



^ 0^ :?Ti(^'*p) 

9" II (•^' ^p) '-^ 



= u(2)/(u(l) u(l)) ; (^3"||(x,tp) = |g"||(f,tp)| exp{z99(f,tp)} ; 
= 3"|j(x, tp) , tp)) , (2 real parameters) . 



2.51) 
2.52) 
2.53) 
2.54) 

2.55) 

2.56) 

2.57) 

2.58) 

2.59) 
2.60) 



As one follows the described parameters in Eqs. (|2.37II2.6"0]) . one has performed a coset decomposition (j2.61l2.62p 
of a general S0(4) symmetry or so(4) self-energy generator JS^^, (x, tp) ()2.41|2.48p into the unitary sub-algebra 
parts u(2) (j2.49p for the block diagonal densities STif^.^^, (x, tp) (j2.50ll2.52]) and into the coset algebra elements 
with matrices T(x, tp) 



ss' 

S0(4) 



52"* (SE"" as"" 

ss' ss' ss' 

80(4? / u(2y ® u(5 ; 



S0(4) / U(2) ^ 5Stt(x,tp), {6^f*{x,tp)) 



(2.61) 
(2.62) 



6 parameters 4 parameters 



2 remaining parameters 



The parametrization ()2. 37112. 62]) and coset decomposition p.42|2.61|2.62h of the self-energy matrix (JS^^, (x, tp) 
(|2.4ip has only 'equal time' fields and 'equal time' hermitian conjugation operations without any time shifts Atp 
as in the anomalous doubled density matrices R%;x',s'ih) (!2.34I2.35|) . The coset matrix f^^,{x,tp) (|2.42I2.63I) 
consists of the coset generator Y^^^{x,tp) (j2.64p with further, anti-symmetric, complex-valued sub-matrices 
Xss/(x, tp), x]^, (x, tp) ()2.65|2.66p in the off-diagonal blocks. We use the anti-symmetric Pauli-matrix {■f2)ss' (as 
for quaternion eigenvalues) in order to define the complex pair condensate fields /(x, tp), /*(x, tp) with absolute 
value |/(x, tp)| and phase (^(x, tp). The modified coset matrix To(x, tp) (j2.67p is introduced for convenience 
because this combination of coset matrix T{x,tp) and diagonalizing density matrix Q1'^,{x,tp) appears in the 
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calculation of the corresponding invariant integration measure S0(4) /U(2) U(2) 

ab 



Tggi {x, tp) 



{x,tp) 



Xl,{x,tp) 
fo{x,tp) 



exp{-y;/,fKx,tp)})" ; 

/ ss' 





xlAx,tp) 



ab 



-Xj',,{x,tp) = (fz)^^, fix,tp) = I 



f{x,tp) 






+f{x,tp) 

{h)^^, f*{x,tp) ; f{x,tp) = \f{x,tp)\ exp{i (/>(f,tp) } 
f{x,tp) Q~^{x,tp) . 



(2.63) 
(2.64) 

(2.65) 

(2.66) 
(2.67) 



We briefly collect above relations (|2. 33112. 6^ with incorporation of analogous results for the ortho-symplectic 
case in Ref. [8J and list the corresponding, anomalous doubled HST p. 680 for the quartic interaction of 
fields, but under inclusion of the precise, essential, subsequent time shifts in the complex parts i^g g{tp + Atp). 
Furthermore, the total HST has to encompass imaginary increments with extension of the approximating 
potential parameter (|2.36p Vq — > Vq^ to a matrix Vq''' in order to achieve converging Gaussian integrations for 
the self-energy matrices (x, tp) (j2.4ip and for the hermitian self-energy density field cr'^^-s^'^ {x,tp). (We 
again emphasize that it is a convenient standard to simplify Eqs. (12. 33112. 35|2.68p of this HST to solely 'equal 
time' fields and relations without auxiliary, imaginary increments as e.g. described in Refs. [HI [9] !). 



exp 



c 



(2.68) 



^[^2;L'(^'*p)] exp 



I 

2h 



dtr 



c 



E 



(0) 
D\s. 



,,{x,tp) cr£)\ig{x,tp) 



x;s,s' = 1,l 



Vo + ZEp 



d[6J:{x,tp)] expl-— dtp\ Tr ^ p' ^ ^ 

4U J(j '—f a,s;b,s 



X --pU/dtp^Jl, 

X Sx,x' J^x 



^x,s;x',s'(^p) ^x,s;x',s'(h 
^x,s;x\s'i^p) ^x,s;x',s'(h 



^2vs tp) + ^^Ih tp) ^^11 t 



Vo + zep {6a=b - 6a^b) 
ab /' 



S X 



Vo 



Vr 



ab 



5±fM tp) -^gy,(x, tp) - 6tll{x, tp) 

Vo + iEp {5a=b - Saj^b) ; £p = 'rip^+ \ e+ > . 



Vq + 1£p {5a=b - Sa^b) 



A similar anomalous doubling of the one-particle part ipJ^ {tp + Atp) Hp{x,tp) V'x,s(^p) a-s for the interaction 
part (|2. 33112. 3512. 68p leads to relation (j2.69p with the anomalous doubled, one-particle operator ^/.^ ^(ig, ip) 
PT7D|) which includes the transpose ^/.^^^(^g' h) apart from ^C|} ^/.^^^(i^, tp) ([277T]l . Note that one has 

to use the doubled fields ^^^(ip) (|2.13p with the hermitian conjugate ^'1^, ^/(tq) (|2.14p in order to maintain the 
ubiquitous time shifts 'Atp' in the complex part V'^ s(^p + Atp) (relative to ipx,s{tp))- also list a 'lax' kind 
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for the anomalous doubled one-particle operator with ^'-x s(^g' relations (| 2 .7311 2 .75]) 

E E + ^^f) Hp{x,tp) ^^^tp) = E E "^hi^P^ (-) H^i^'ip) ^ksitp + Atp) = (2.69) 

St'g,tp~Atp - 
f^t' - At' t„ - h', 



^'ls';,A h) = ^P. ^P ( - ^ '"'""^2;^ + (M^'O - ^ ep) 5,^,)j 5,,^, ; (2.71) 



p 

"11 / 

^x',s';x,s(^g' ^p) ) ) 

-^^'jS'jX.sC^g' ^p) — "^x' ,s']X,s{^q^^p) (2.73) 
^l"s';x,s(4'^p) ^ l^pg f?p diag ^fl'p(f',tg) IaTxAT ; -H^J(2^',iq) lAfxTv) K^'q - h) ^x' ,x 

d 

Hp{x, tp) = -ih— iep + h u{x) - Ho ; (2.74) 

otp 2m 

Hp{x,tp) = +ih-Q^ ^ £p + ^ + ""l^) - /^o ■ (2.75) 

In correspondence to the interaction (j2.33ll2.35l2.68p and one-particle part (j2.69ll2.75]) . one has to perform an 
anomalous doubling of the source fields j^;s(x, tp), j^^-ss'ix,tp) to J^.g{x,tp) (|2.76p and J'^^ssi{x,tp) (j2.77|2.78p 
in the 'equal time' form ()2.10p without any time shifts of the complex parts so that the 'equal time' hermitian 
conjugation operations with '^' (j2.1ip have to be applied. This anomalous doubled, 'equal time' form of the 
source fields j^i!-s{x-,tp) and jii;ii;-ss'{x-,tp) has to incorporate the symmetry relations (j2.37ll2.49l) of the 'equal 
time' restricted, hermitian self-energies 

a=l a=2 

(\ ab 
U^;ss'{x,tp) \ ^ 

jW,sA-^tp) ) ' 

U4,-ss'{x,tp) = -j^^-ss'{x,tp) = {t2)^^, i^^{x,tp) ; (2.78) 
ji,i,{x,tp) = \j,i}^{x,tp)\ exp{z7(f,tp)} . 

Further collection of the above HST and the anomalous doubled one-particle and source field parts results into 
the path integral (12.79P with only bilinear, anomalous doubled fields which fulfill the requirement of additional 
time shifts At, in the complex parts g{tp + Atp) (relative to il^x,s{tp))- This bilinear part of fields ^'1^ ^/(iq), 
^l^(tp) comprises the matrix ^(tg, tp) (j2.80p with the sum of anomalous doubled one particle operator, 

source matrix s'(V' ^g) ^^'^ self-energies (T^.''^^,(x, tp), JS^^, (x, tp). In order to accomplish the coherent 

state path integral (|2.79l2.8Up . one has to transform by the metric / (|2.82l2.83p with the imaginary units in 
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the second part (a = 2) satisfying 1-1 = 8 



X / 



[6T.{x,tp)] expl --^ / dtpV Tr 

4/i _/(^ ■'— ^ a,s;b,s 



Vo+lEp 



x;s,s' = t,i 
ab ( z; + \ ^\^ba 



(2.79) 



X exp 



X exp 



I 
I 

2h 



Vo + I ep{6a=b - 5a^b, 

*^ x,x' s,s'=^,la,b=l,2 

i dtp E E (4'^(^' ^v) s n^h) + ^|;^(tp) s tp) 



X s = 1,l 



Atq\ 3Vt^" ,,/.^ g(tg, fp) — ^:j"s/;^,s(tg, ip) +'nq ^ S \ At[ 



+ 



AC 



II2.70I2.72I I 

jba I 



^Wou.-j.x. Jba (;^f\_i_l ^'^s'si^'h) ^'^^s's(^'*P 

tT^:,,,iX, tp) Oba ^ + I ^ ^^21^ 5|^22^(^^ 



5 / r?p+ (2.80) 



II2.77I2.78I I 



^(0)11.^ ^ N _ (0) ^ X ^(0)22.^ ^ _ (0)T . 



a 



(0) 
Diss 



I (3^) ^p) ; 



'4x4 



/4x4 • -^4x4 



5, 



l2x2_ ; ^2x2 
a=l a=2 
4x4 • 



I ; ?2x2 = « ^^ss' ; =T,i ; 



(2.81) 



(2.82) 



(2.83) 



It is straightforward to transform the contour time integrals in (|2.79|) to the appropriate, discrete time step 
version having the essential time shifts Atp in the complex fields ipg g{tp + Atp) (relative to ipx,s{tp)) so that 
the original normal ordering of the second quantized Hamilton operator ()2.3ll2.6p is taken into account and the 
action of field operators with its hermitian conjugate at the same time contour point is avoided. However, we 
have to mention the following detail for a somewhat modified time contour integration path 'C" in (12.79P with 
(f2:80|) instead of 'C (I2.8I2.9|) : 

• In order to include the precise boundary and discrete 'time step' conditions, one has to extend the time 
contour integrations (|2.8|2.9p at the end points 'tp=+ = Tjni' and 'tp=_ = Tini' of the two 'p = ±' branches 
by an additional single time step (where we omit the further straightforward specification of the discrete 
time steps between Tini and Tfin for brevity) 



dtr 



c 



Tfin 



Tfin 



Tni-lAt„ 



(2.84) 
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and has to set the following fields and sources at the extended time boundary points 'tp= 
Y = T- ■ 



|Atp|' of the two branches identical to zero 



«'(=l/2)^- 



'^^s's('^' ^P=± — ^ini 



\Atp 
I At, 



\Atr 



V'x,s(^P=± — ^ini 



I At, 







0; 
0; 



j: 



a 



(0) 



X, tp=-|- — Tjni I At, 



D:s 



's('^)^p=ib — ^ini 



|Atp|) = 



T- • — I At I' 

(2.85) 
(2.86) 
(2.87) 

• This only amounts to an extension from the anomalous doubled field ^^^(tp) = (V'x,s(^p); V'^ s(^p+^^p) )^ 
with non-zero entries for times Tfin > tp > Tini' to the interval Tfin > tp > Tini — |Atp|' so that one also 
regards the complex conjugated field tp'^g{tp = T\„i) in the second part (a = 2) of ^^^(ip = Tini — l^^l) = 
{'4'x,s{tp = — |Atp|) = ^li^ggitp = Tini))"^ with a vanishing first component at 'tp = Tini — l^^pl' 
according to (12. 85112. 8T1) . Similar amendments have to be performed for the anomalous doubled one- 
particle operator ,,.^,,(tg, tp) ^IMM 

concerning this time point 'tp, tg = Tjni — |Atp|'. 

Since one has the following relation between ^^"^(tp) and gi^p) with Pauli matrix (fi)''" for the exchange of 
the two components 'a = 1,2' 

N Th 

(2.88) 



ha <Y,a 



the bilinear, anomalous doubled anti-commuting fields ^fl^^, (tg), ^^^(tp) in (j2.79p can be removed by in- 
tegration so that one obtains the square root of the anomalous doubled fermion determinant with matrix 

and the propagator JVl^, ^,.^^(tg, tp) weighted by the anomalous doubled source fields 

4^,,(f',t^), J^.g{x,tp). The exchange matrix (fi)^"^ of ([M]) can be omitted in the path integral (I2.89P be- 
cause its combined appearance on the two branches of the time contour does not affect the final weighting for 



observables, neither within the determinant nor with the propagator of g'x s(^g^^ 



,/(x, tp 



(0) 



D:s' 



^(x, tp) 



Ah 



c 



d[6Y,{x,tp)] exp 

irirMZ'-,at',,tp) 



dtpY, Tr 



x;s,s' = 1,l 

v) 



Vo+l£p 



(2.89) 



5Y.f^,{x,tp) 6J:lfg{x,tp 



Vo + I £p{5a=b - ^a^b) 



DET 

c 



1/2 



According to the particular relation (12.880 for the exchange between g{tp) and ^^^(tp) with Pauli-matrix 
(fi)^*^, we have applied the standard relation (j2.90p for anti-commuting variables (j = 1, . . . , 2 A'^o) in order to 
remove the bilinear fields ^/(tg) and ^'^^(tp) in (|2.79l2.80p by Gaussian integration. It has to be pointed out 
that the symmetric part of the matrix JAji in (|2.90p cancels in the exponent with the anti-commuting variables 
so that the determinant 'DET' in (j2.90p only contains the anti-symmetric part of the considered matrix Mjj 

2 No 

(2.90) 



dfe] exp I - ^^ } = {dET [M,,] } . 

i,j=l 
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The coset decomposition into densities and anomalous parts with matrix T{x, tp) yields the path integral (j2.9ip 
where the change of the Jacobian is already incorporated from the 'flat' Euclidean self-energy 
densities and to the independent parameters of pair condensate fields of cosets within d[T^^{x,tp) dT{x,tp)] 
(see appendix . Apart from the 'source action' Aj^^[T] for pair condensates, there appears a logarithmic 

action ADET[f,a'}^^;3] oc TV InpJ" tp)] OTMD from the determinant ( DET[M|? ^,.^^^(t^, tp)] ^nd 

a propagator Og, l.^.gg_^{tg,tp) weighted by the source fields J^.^,{x' ,tg), J^.s{x,tp) and additionally by the 
coset matrices f%^{x',t'q), fs~y''{x,tp). The two actions ADET[f,aP -J] ^M, ■^J^[T,^''d 'J] are 
determined by the operator ^/.^ ^(ig; ip) (|2.94p which consists of the density part Jf + fj^^ with one-particle 

operator (|2.7Uti2.72p and gradient term Sk{f-^,f ) = f-^ (:K + ) f - (:K + ctJ^) of coset matrices aside 
from the source term for generating correlation functions 

" ' f (0) { ^ I "^D-^ss' ^p) '^DVs('^' ^p) 1 

Z[d,J^,iJ^^] = J d[a}j!^^^,{x,tp)] exp| -—y^dtp 2^ — '■ Y^j^^^ J (2.91) 

X j d[f-\x, tp) df{x, tp)] exp A j^^ [f] } X 
X exp [Adet [f, ag^ ; 3] } exp {z Aj^ [f, a^^^ ; a] } ; 

= ^fdtpdt'^^M. E X (2-93) 

'-^ x,x' s,s>=tla,b=l,2 

\ / x'.s'-.x.s 



^x',s';x,si^q'^p) 



1 



lAt^l 



+ + (f-\x',t'^) + f{x,tp) - i^ + aP)) + (2.94) 

ab'a' (f' -f ) -iba 

'^x',s\;x,si\''q'' '-Vl 



+ T-'ix',t'^)I Svq\At'g\ ^"''^'^ r]pSITix,tp) 



x' ,s';x,s 



a(t-i,f) 

rf, /rj> , ;^(0) 

D 

2.3 Determination of the 'pair condensate seed' action Aj^J(r] 

The 'pair condensate seed' A t \T] follows from the quadratic term of self-energies originating from the HST 
of the quartic interaction of anti-commuting fields. A shift ()2.95p of the self-energy matrix is additionally 
performed in ^/.^^(t^, tp) (|2.80p so that the source matrix >/^^" 's(^' °^ P^^'^ condensate fields only 
appears in the quadratic term >A2[T, 5T,; i J^^] (j2.99p of the self-energy remaining from the HST 

(5S^?,(f , tp) ^ 5S^?,(x, tp) + I J'4;,,,ix, tp) . (2.95) 
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The coset decomposition combined with the change of the integration measure leads to relations (|2.96H2.102p 
with block diagonal self-energy densities 6'S'^.^,^{x,tp) (|2.10U|) and parameters (|2.1U1|2.102|) which are further 

decomposed into eigenvalues 6Xs{x,tp) and diagonalizing matrices Q"/" tp) 



exp 



T 



d[6tD{x,tp)] T{6X{x,tp)) exp{^yl2[^,^SD;^J^^]} (2.96) 
d[dQ{x,tp) Q~^{x,tp);5X{x,tp)] 'J'[6X{x,tp)) exp A2[f,Q'^ 6A Q;iJ^^ 



det{5±]^.,,, - 6X 6ss'} 
A2 [r, ^S^i; zJ^^] 



deti 



Diss' 



Ah 



Tr 



(2.97) 
(2.98) 
(2.99) 



{5j:f^, {x, tp) + z j;^' i^, tp) ) {SK?si^, tp) + I J'%,,{x, tp) ) 



Vb + I £p{Sa=b - Sa^b) 



5t^.^^,{x,tp) = {Q-''''{x,tp) 5Xix,tp) Q''{x,tp) 



11 



S^D;']'\{x,tp) 5S£|.||(f,tp) 

dT.*^.^^{x,tp) 6T.n-ii{x,tp) 



11 



(2.100) 

(2.101) 



^0) ,,,{^>^-\{x,tp) + 6Xi{x,tp)) + (fg)^^, cos (2|g"||(x,tp)|) {6X^{x,tp) - 6Xi{x,tp)) + 
(fi)^^, sin (2| J||(x,tp)|) sin {ip{x,tp)) {dX^{x,tp) - 6Xi{x,tp)) + (2.102) 
(^2)^^, sin (2|%(x,tp)|) cos {ip{x,tp)) {6X^{x,tp) - 6Xi{x,tp)) 



As one collects the various parameters of the total self-energy 6J:f^,{x,tp) with pair condensate field f{x,tp) 
and density fields 6X-^{x,tp), 5Xi{x,tp), 3^ii{x,tp) (j2.103ll2.106p . one finally achieves the quadratic term ()2.107p 
of the self-energy which is caused by the HST in terms of six real field variables of the so(4) generators with four 
real density variables for the u(2) generators and two real field degrees of freedom within the coset generators 
so(4) / u(2) or pair condensate terms 



Stll,ix,tp) 



(f{x,tp)y2 5t-j^-X{x,tp) (f-\x,tp))2^^ 

-{5tll,{x,tp)f ■ 5^f,,{x,tp) = -{5i:ll{x,tp)y ■ 
^o)ss' cosh(2|/(x,tp)|) {6X^{x,tp) +6Xi{x,tp)) + 



_ / 5±ll,ix,tp) si:llix,tp) 

[ 5S2],(f,tp) 5S22(x,tp) 



ab 

|; (2.103) 

ss' 

(2.104) 
(2.105) 



+ {^3),,, cos (2|g"||(x,tp)|) {6X^{x,tp) - 6Xi{x,tp)) + 

~ 2 (n)^^, sin(2|3"||(x,tp)|) sm{ip{x,tp)) {6X^{x,tp) - 6Xi{x,tp)) + 



2 (t2)^^, sin(2|J||(x,tp)|) cos {ip{x , tp)) {6X^{x,tp) - 6Xi{x,tp)) 



11 
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6^ll,{x,tp) = ^(f2)^^, smh(2|/(x,tp)|) exp{z(/>(x,tp)} (5A|(x,tp)+5A|(x,g) ; (2.106) 



A2[f,Q ^ I 6A Q;iJ^^] = J dtp'^ 



(2.107) 



X Tr 

a,s;b,s' 



C 

{5tf^, (x, tp) + . (x, tp) ) (<5S^?,(x , tp) + z Jjj" ,,(x , tp) ) 



Vo + I £p{5a=b - Sa^b) 



-I £+ 7?p + Vq 

i£+Vp + Vq 

4 + ^0^ 
ie+r]p + Vb 

4 + vi 



cosh^ (2| /(x, tp) I) (^t (x, tp) + <5Ai (x, tp)) ^ + (<5At (x, tp) - (5A| (x, tp)) 



+ 



sm 



h(2|/(x,tp)|) sin (^(x, ip) - 7(x, tp)) |j^^(x,tp)| (5A|(x, tp) + (5A|(x, tp)) + 



(s^) tp) I 



According to the imaginary increments i Ep {5a=b — Sa^b) of the parameter Vq for an effective, short-ranged 
interaction, the integrations of 5Xs{x,tp), Q'^^g{x,tp) or (5S^.^,^(x, tp) can be performed in (j2.96p so that the 
'pair condensate seed' action exp{z Aj^^ [T]} simphfies to the relation (j2.108p with remaining pair condensate 
field degrees of freedom /(x, tp) = |/(x, tp)| exp{i(j){x, tp)}. One has to note from the integration of the density 
variables the appearance of the nontrivial factors cosh~^(2|/(x, tp)|) which have additionally to be considered 
in the coset integration measure of pair condensate field variables 



{X,tp} 



I At, 



cosh^f2 



^— — -) expii [ dtp V I j^^(x,tp) 1^1(2.108) 
IJi^^hn)/ ^ Jc ^ J 



j^dtp^\j^4x,tp)\'^ tanh^ (2 I /(x,tp) I) sin^ (0(x, tp) - 7(x, tp)) . (2.109) 



We briefly list the involved integration measure for density terms and the pair condensate with corresponding 
parameters which are specified in Eqs. (j2.110H2.112p . respectively (compare appendix [A|) 



^{5X{x,tp)) 
d[6tD{x,tp)] T(5A(x,tp)) 



|2 ^ 



= Jll (5A| (x, tp) +5A^(x,tp 

= d[dQ{x,tp) Q-\x,tp);6X{x,tp)] y{6X{x,tp)) = 

= ]j|8d(5At(x,tp)) (i(<5A|(x,tp)) |5A^(x,tp) -(5A^(x,tp; 

X d{\3'{x,tp)\) sin (1 3"(x,tp) I) cos (|3"(x, tp)|) dip{x,tp)\ ; 



(2.110) 
(2.111) 



d[f-\x,tp) df{x,tp)] = H <|8d(|/(x,tp)|) sinh (I /(x,tp) I) cosh (I /(x,tp) I) #(x, tp) [ (2.112) 

{x,tp} 
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The combination of (|2.112p with the factors cosh~^(2|/(f , of (|2.108|2.109p finally results into the total 
integration measure (j2.113|) for the pair condensate field variables 

d[f-\,,t,) dn,,t,)] X ( eosh3(2|/(f,g|) ) - ^'-'"'^ 

= n \8d{\f{x,tp)\) sinh(|/(x,tp)|) cosh(|/(x,tp)|) dcP{x,tp)\ x J] ("^^—^ 
{it}^ ^ ^^^^^^jVcosh (2|/(x,g|) 

= n {4rf(|/(x,gi) ""^^^^l^fl'fl #(x,g| = n{-4cosh-^(2|/(x,gi)) dmh) 

{x,tp}^ cosn ^^|/(x,tpj|j J ^^^^ L 

= d[tanh2(2|/(f,g|)-l] d[</.(f,tp)] =d[tanh2(2|/(f,g|)] 

It is instructive to point out the combination exp{z a^^^ [T]} (1 + 2z a--^^ [T] ) in (I2.108|2.109p which can also be 

obtained from transforming the term \6X'^{x,tp) — 6X'^^{x,tp) |^ to a Vandermonde determinant with Hermite 
polynomials and Gaussian weights for orthogonal basis functions [12j. The above mentioned term with action 
a~-^^[T] (j2.109p can therefore be regarded as a Hermite polynomial H2{x) with argument x^ = —ia'-^^\T] and 
corresponding Gaussian weight 

exp {z a-.^^[r]} (l + 2t a-^^[f]) oc expj-x^} (-2) (1 -2x^)^ expj-x^} H2{x) ; x^ = -i aj^^[f] . (2.114) 
2.4 Gradient expansion of the fermion determinant 

The separation of the integration measure from the 'flat' Euclidean self-energy JS^^, (x, tp) to the product 
of a density and pair condensate part can be merged with a division of the actions ADET[r ^a'^l^ (12.92p . 
A [T, (T^^ ; 3] (12.93P into a pure 'density path integral' Z[(j^l^;j^] (I2.115P with the hermitian self-energy field 
variables cr^^\si{x,tp) and remaining coset parts A'j-,^j.[T;d], (see following Eqs. (|2.117ll2.119p ) 

ZWd '^H] = j d[<yh.sA^,tp)] e^p^-—J^dtp ^ TVTTf J ^ ^ ^ 

X e^vUj jjtpdt'^Y^N., ^■A^'^^[)[^^^ + ^T%] HA^^h)\ ■ 

^ X,X' S,s' = t,J. Ill 

One can use a saddle point approximation in (|2.116p of the pure 'density path integral' Z[a^l^;j^] (12.115P for 
extracting classical, complex fields (c^."*^^/ {x, tp)) whose imaginary parts of the corresponding eigenvalues comply 
with the imaginary increment lEp of the anomalous doubled one-particle operator 5i (l2.70H2.72ll . This classical 
approximation {A^.ggi{x,tp)) can be inserted into yi^^j.[T;3], -^'j^^^^'A] so that the independent parameters of 
the coset matrix r(x, tp) are the only remaining 'path integration fields' (|2. 117112. 119p 

Z[ij^,iJ^^\ = /^[ag^iv] X / n (^[*^^^^(2|/(x,tp)|)] d[(/.(f,tp)]) (2.116) 



2.4 Gradient expansion of the fermion determinant 



25 
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'^''p t^]} + [^0 ^""p "^^p *p)P} 



X exp<!yiz)ET[T,<7),"^a]- / %r?pVAA tr 1^1%'^ + 

C s.s =T,i L 



11 I "(0)11 
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exp |i Aj^ [f , ; 3] - / dtp dt'^ Y.^- 



X r^-A^'A) F + 



rll , ~ (0)11 
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x,x' s,s'='\\i 

-1 ^ 

r ,s';x,s 

saddle point approximation for {(^^^^ss'(^^^p)) ~ 



D 



W (d[tanh2(2|/(x,tp)|)] d[(l){x,tp 

{X,tp} 



(2.117) 



X exp<|yl'^^^[f;a]+^ASJf;a]|> ; 



^W[T;a] = \ f%pY-^ Tr In 

Jc ^ a,s;b,s' 



(2.118) 



+ + a(r-\f) 
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fdt,dt'^j2^^ E E 

a,fe=l,2 s,s'=ta 



(2.119) 



f(f',g i + (^c + (<7gM ^5tf{(f-i,f) + (A+(agM ^a(r-\f) 



X (^ + {a'§^)) ^ f-\x,tp)- (^ + {a 



-1 



-1 



6a 



X' ,s' :x,s 



This allows to extract an effective Lagrangian of coset fields restricted to finite order gradients. If the combi- 
nation pi + ((5"^^)) of one-particle operator (12. 70112. 72]) with the classical density field {<^^ij\s'ix,tp)) contains 

comparable momentum values as the gradient term SK{T^^ ,T), one can apply following identities for the 
logarithm and the inverse of an operator D 



InD 



, exp|-?j 1| - expj-u D| 
dv 



dv exp{— uD} 



(2.120) 
(2.121) 



so that one also achieves valid expansions of the term 



D = i + skif~\f) (j< + {a^^^)) ^ = i + (f-i(A+(<7g^))f-(^< + (<7g^))) (:>{ + (<TgM (2.122) 



(0)\ 
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'D 

beyond the order unity in comparison to the standard expansion of the logarithm and the inverse of an operator 
D (as e.g. in InD = ln[i + (D - i)] or D"^ = [! + (£)- 1)]"^). 

One might infer that the hermitian part of the rather general operator D, defined in terms of the coset 
matrices and saddle point fields (I2.122p . could have negative eigenvalues so that the given relations (I2.120|2.12ip 
do not converge for the logarithm and the inverse of the operator D ()2.122p : although there are no restrictions 
onto the values of the hermitian part of D ()2.122p , the anti- hermitian part of D (j2.122p has to comply with the 
infinitesimal imaginary increment —i Sp in the one-particle operatorJf. It determines the sign of the eigenvalues 
of the anti-hermitian part in D (12.122P to be negative valued (x z) because this infinitesimal imaginary increment 
—I Ep chooses a time direction in an otherwise time-reversal invariant system and therefore also fixes the sign 
of the imaginary parts of eigenvalues within the saddle point solution (a^.^^g, (x, tp)). Since the determinant 
and the corresponding logarithm of the total operator D (j2.122p follow from bilinear integration with the 
anomalous doubled, anti-commuting fields over the one-particle operator with imaginary increment —i £p, one 
has to require the identical sign of eigenvalues of the anti-hermitian part of D; if this requirement fails to hold 
at any step of derivations and involved approximations, one has obtained an unstable system due to increasing 
field values within the time development. This sign convention, following from —i Sp within has also to 
be fulfilled for fermionic systems apart from bosonic systems with negative powers of the boson-determinant 
because the chosen imaginary increment —i £p assigns a time direction and time development from small, real to 
larger, real time values on physical grounds. Therefore, the imaginary, infinitesimal increment can be regarded 
as an artificial, dissipative part in an otherwise hermitian system where subsequent approximations (as e.g. 
the saddle point solution (^"^.''^^/(x, ip)) or even the total operator D (I2.122p ) have to stay in accordance with 
'-iep\ 

Since the eigenvalues of the anti-hermitian part of D (j2.122p are determined to be negative valued (x z), 
we can simply multiply the operator D by the imaginary unit operator modified with the contour time metric, 
which has unit determinant and appropriate inverse, so that the change of the operator £) (I2.122P to the 
operator 

D ^ i r/p) £) , (2.123) 

always results into positive eigenvalues in the hermitian part of the total operator '(z 1 rjp ) £)'. Therefore, this 
modified operator can be replaced in (j2.120|2.12ip for convergent integral relations 

DET{(zi??p)} = 1; {ilT^p)-^ x{^l^p) = {-^lr]p)x{ll^^p) = l; (2.124) 
ln(.i, p)d) = {^[^dv exp{-.l}-exp{-.(a,p)£)}^^ ^^^^^^^ 

= (^{iiT]p)Dy\iirip)= (^J^ di; exp{-^;(^i7?p)D}^ (^ir/p) . (2.126) 



Further simplifications for a finite or infinite order gradient expansion are attained if the total number Mx 
(I1.23P of involved grid points is properly taken into account for an expansion. 
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3 Extension to nonlocal self-energies for long-ranged interactions 

3.1 Field variables and dimensions of the spatially nonlocal self-energy 

In contrast to sections 12.21 to 12.41 with approximation V\^^gi \ ~ 6^^^i Vq (j2.36p , we extend to the case of an 
arbitrary long-ranged interaction potential Vj^_^'| and specify the independent field variables of the self-energy 
with adaption of the coset decomposition and corresponding parameters. Since we start out from a Hamiltonian 
(I2.3|2.4p without an ensemble average for disorder, the extended self-energy depends on a single time contour 
variable 'tp' so that the nonlocal self-energy (j3.ip has only to be specified by adding vector 'indices' x, x' apart 
from the spin indices s, s' =1, [. We also split the total self-energy S^*^.-, g,{tp) (13. ip into a hermitian, density 

related self-energy cr^^\gi{x,x' ,tp) as in sections 12.2112. 41 and deviations ^^'^^g-x' s'i^p) with anti-hermitian pair 
condensate terms according to the additional, imaginary unit factor in the off-diagonal blocks a ^ b 

yah ^ _ J^)<^^ ( 7 ^' f \ S ^ ^ SV''^ (f \ - ( ^^^,s;x' ,s' i'^p) ^^f,s;x' ,s'i'^p) \ . 

^x,s;x',s'V^p) — "D;ss'\-'^^^^^P)"a.h^0^g^s;x',s'\^P)— I „ ^y;21 (f \ y22 I ' V'J--LJ 

y x,s;x',s'^ P' x,s;x',s'^ P' J 

^s!s;x',s'(*p) = '^D;ss'(^' + '^^5:!s;x',s'(*p) ; (3-2) 

^lfs;x',s'(*p) = <^D;ss'(^' + '^^l!s;^',s'(*p) ; (3-3) 

'~^\>ss'^'^ 1 ' ^p) ~ '^D;^ss' ' ^p) ' '-^\^\ss'^'^^'^ ; ^p) ~ ^\^\ss'^'^ ^ t^p) ' (3-4) 
{0)T 
D:ss' 



^, ,(+ ) 

x,s\x',s'^ P' 



ab 



s:\^ab /j. \ I x,s;x',s'y Pi x,s;x' ,s' ^ P ^ 1 /o 

\ x,s;x',s'\ PI x,s;x' ,s' ^ PI / 

In the remainder the summation convention over multiply occurring spatial vectors is always implied for 
the presented case of nonlocal self-energies, unless the spatial vectors as indices are set into parenthesis (as 
e. g. STi^i^ ^,{tp)). In analogy to ()2. 42112. 47|) for the short-ranged interaction 6^^^/ Vq (I2.36p . we take the 

factorization of dTi%''^.-., ,(t„) into block diagonal densities STiViZ""^ (t„), with further diagonalizing matrices 

Qs^ s' x s(^p) local eigenvalue densities SA'^^'^' {x,tp) in its anomalous doubled kind, and into off-diagonal 
(a 7^ 6), anti-hermitian pair condensate field degrees of freedom which are regarded by the coset matrices 
(T(tp) )^°,^.^^ {T~^{tp))'^^^^.gi ^1 with extension to the spatially nonlocal case. Note that the symmetries 

require extension of the hermitian conjugation and transpose between the various block parts of <5S^Vx' (*p) 
so that the spatial vectors x, x' have to be incorporated into these matrix operations aside from the spin space 



vafe (+ \ — ( ^D;ss'^^i^' ■>h) + ^^]s,s;x',s'ih) ^^]l,s;x' ,s' ih) \ (n a\ 

^x,s\x's'V'P) — ,^91 /, X fO)T / , , ^ , ,^00 ,. . \^-^) 



^\>.ss' *p) ^(ib + ^^g's-.x's' (*p) 



x,s;x' ,s' \^Pl 



aZ'Ax,x',tp) Sat+{f{tp))2,^^^^^^ ^^-^-^^.^_^^(tp) (f-Ht 



'D;ss'\-^'-^ ' ''PI 

+ (^(''OZ'..,.. «r"(-".'^) m^,..j*'> 
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3 EXTENSION TO NONLOCAL SELF-ENERGIES FOR LONG-RANGED INTERACTIONS 



'^D^ss' ^ab + ( To{tp) 



aai 



a2b 





x' 




x,s;x' ,s' ^ V ' 


^^f,s;x' 


Ah) 


- ^^f,s]x',s'(h) 




x' 














x' 


,s'itp) 






x,s(.h) 


= 0; 




x' 


,s'itp) 












x' 


,s'itp) 


= ~^^ls'I'x's'^h) ; 


5m,s 


x,s(.^p) 


= . 



(3.7) 
(3.8) 
(3.9) 
(3.10) 
(3.11) 

According to the nonlocal form of ^T^'^g.g/ s'ih)^ dimensions of the coset decomposition increase from the 
so(4) generators and u(2) densities (|2!48I2.49|) with factoring into S0(4) ~ S0(4) /U(2) U(2) (12.6112. 62p 
for the local case to the extended dimensions of so(4A/'xO generators and u(2A4) densities (I3.12|3.13p with 
corresponding factoring into S0{4Mx) /U(2A/'x) ® \J{2Mx) (|3.14l3.15p . We emphasize the appearance of the 
total number of spatial grid points Mx (ll.23|) which determine the number of summands involved over the 
summations of the spatial vector 'indices' 



/ ^^^Z^x'Atp) 6±il.^,,Atp) \ 



^'^x,s:x\s'ih) 



-S^f,s-x'Ah) '^^ls;x'Ah) 



\ ^, ,{tj,) 

\ X .s;x' .s' ^ ^ ' 



£ so(4 Afx) ; 



5S 



22 



'{tp 



(3.12) 
(3.13) 



x.s'.x's' x,s:x' ,s' x.s\x's' 



S0(4AA,) / U(2AA,) U(2AA,); (3.14) 



x.s;x's' x.s\x' e' 



( S0(4Ag / U(2Ag ) ^ 5tf^,.^s,^Atp), {^^ts;x'Ah)) ■ (3.15) 

4A4(4A^x - l)/2 parameters (2Mx)'^ parameters 

^ V ' 

(2A/lr)^ — 2A/'a; remaining, real parameters 

Similar to the case ()2. 50112. 60|) for (5S^.^g, (x, tp), we introduce anomalous doubled parameters and fields for the 

nonlocal case 5SD;x,s;x',s'(ip) where the symmetry operations of hermitian conjugation and the transpose of a 
matrix have to comprise the spatial vector 'indices' x, x' apart from the spin space s, s' =t, | 

^^'d;x,s;x' ,s'{^p) = ^ab ^^'d;x,s;x' ,s'{^p) ! (3.16) 

^^w'Ah) = ^Kts^x'A^y^ (3.17) 

s^D;x,s,x',Atp) = ; (3.i8) 

S^D-,xus,-,x,Atp) = QiZ^'Ah) ^^sLs{^^tp)Sx',xQZ-,^^^^^^^ (3.19) 

M^,»(f,tp) = ds's diag( a,(f,tp) ; -6Xs{x,tpl ) ; (3.20) 

a=l a=2 



3.2 HST and separation into actions of density and pair condensate terms 
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5Xs{x,tp) = diag[6Xs=i{x,tp) , 6Xs=i{x,tp)y, (3.21) 

Qx,s;x'.s'{h) = ^ab I ^''^'^ A22 f-t \ ] ' (3.22) 

\ ^x,s;x',s'\'^P> ) 

Q^ls;x',s>'<^v) = ['i^v{l^D;x^,sr,X2,S2{h)])^ ^ (3-23) 

V / x,s;x',s' 

Qf,s;x',s'i^:tp) = (ew{-^3■l.x,,sr,x,,sM}) ^ ; (3-24) 

V / x,s;x',s' 

^ D;x,s;x,s{tp) = 0; ^ D;x,s;x' ,s' (ip) — 3^'£)-^^^s;x' ,s'^^P^ (3.25) 

3'D;x,s;x',s'itp) = u(2 A4) / (lliA^.} (u(l) u(l)) ) (3.26) 



= 3'D;x,s;x',s'{tp) , (*p)) ' ((2A/'x)^ " 2A/'x real parameters) . 

The coset matrix ff,.s,^,{tp) (^327\i of the pair condensates is specified by the spatiahy nonlocal generators 

Y^f^^i s>{tp) (|3.28p with complex valued, anti-symmetric sub-generators -^x,s;x',s'(*p)) s-x' s'^^p) P-29P in the 
off-diagonal blocks (a 7^ 6), each having {2Afx)'^ — "^Mx remaining, real parameters. We have also included the 
modified coset matrix (Tb(tp) gi (|3.30p for the calculation of the invariant coset integration measure whose 
computation follows in an analogous manner from the local case of appendix |A] or can be taken from the more 
general case of an ortho-symplectic integration measure with super-symmetry described in detail in Ref. p] 



(\ ab 

^ 'J x,s;x',s> 

(\ ab 

X^^s-^i^s'itp) \ (o no\ 

n,s^.,.(tp) ) ' ^'-''^ 

^x,s;x',s'i'tp) = —^I,s;x',s'i'^p)'j Xgs]X,s{tp) = ^ (3.29) 

(^o(tp))!\, , = T^%,^,M Q^':iu^',s'(tp)- (3-30) 

\ / x,s;x' ,s' J-) J-) ) 



3.2 HST and separation into actions of density and pair condensate terms 

In correspondence to the precise, discrete time steps within (j2.68p . one can accomplish the HST with nonlocal 
self-energies where we exactly distinguish between 'equal time', anomalous doubled fields and 'equal time' 
hermitian conjugation '^' (|2.10|2.1ip and between the hermitian conjugation '"' with 'time shift' correction 
'Atp' in the resulting complex part (12.13|2.14p . The latter kind has to be applied for the transformation to 
density and pair condensate matrices following from dyadic products of anomalous doubled fields whereas the 
'equal time' form has to be used for self-energies and its coset decomposition 




(3.31) 
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3 EXTENSION TO NONLOCAL SELF-ENERGIES FOR LONG-RANGED INTERACTIONS 



J d[6Ef^,.^^,^,,{tp)] exp 



din 



Tr 



x,s;x,s'^ P' x',s';x,s\ PI 
V\^i_^\ +tep {da=b — (^a^b) 



2h 



^ 6xp <^ — / dtp ^ 



c 



a,s:b,s' 



x,x' 



^h]s;x',s'(h) ^h^s;x',s'(h) 
^x,s:x's'(h) ^x,s;x's'ih) 



S X 



\x'-x\ 



'^^S'.s':.-7?.,s(*f 



yob 

\x'—x\ 



y\x'-x\ + 1 {^a=b - ^aytb) ; Ep = r]p e+ ; e+ > 



Since the precise, anomalous doubling of one-particle parts (12. 69112. 75]) is not affected by the extension to 
nonlocal self-energies, we have only to generalize the source matrix of pair condensates to its nonlocal kind 
'^■0^-*x,s;x',s'(*p) ^i^^ anti-symmetric sub-matrices j^^-g,s;x',s'i'tp), jl^;x,s;x',s'(h) whereas the anti-commuting 
source field J^.^{x,tp) exactly remains for a coherent, macroscopic wavefunction in its manner 



J"^^ . (t ) 







'(tp) 



jipip;x,s;x',s'i^p) i 
ji>;s{x,tp) , j^.g{x,tp) 



(3.32) 

(3.33) 
(3.34) 



a=l 



a=2 



After collection of terms with nonlocal self-energies, one finally achieves relation (j3.35p with bilinear, anomalous 
doubled fields ^/(tg), ^^^(^p) with exact discrete time steps and overall matrix s'-x si^g-'^p) P-36P which 

is only modified by the nonlocal self-energies ^/.^^(ip) and source matrix i J^""^, s> x s(^p) ™ comparison to 
the local case (|2. 79112. 83p 

Z[§,J^,iJ^^]= I ci[o-j^.^^^,(f,f',tp)] exp|-^ j dtp ^ 

^ x,s;x',s' 

-ST."}' Atr,) 5f}l^ , - (t„ 

x,s\x's'\ P' x' ,s':x,s^ P 



2h In , + ^ ep 

x,s:x's' ' ' 



(0) 



(3.35) 



y\x'-x\^^'Ep{pa=b- ^ai^b) 

xj d[rx',A*p),i^xAtp)] exp^ fdtpdt'^Y.^, E *l,s'(^^)^^IV;^,.(<'*p)^^x>(i^ 

i dtp E E (4'^(^' ^">(*p) + 
•J c -* „ -t- I 



X exp 



I 

2h 



s s=T,i 



ba 



{tqtip) — 



3(^0' ^P, 



7^" _ 

■'x' ,s';x,s 



<?' *p) 



5 / r/p-F 



(3.36) 



II2.70I2.72I I 
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+ 



iO)ba ^ _J_ jbj^a / , X 



II3.32I3.33I I 



x' ,s';x,s^P' x' ,s'\x,s^P' 

* '^^x',s';x,s(*p) ^'^x',s';x,s{'^v) 

V 



U 5 



(0)11 ^ N _ (0) ^ ^ 



(0)T / _/ ^ N ^u; , -,1 ^ 

I i2x2_ ; 12x2^1 

a=l a=2 
5*4x4 • 



(0) ^' 



Ux4 



(0)22 - . \ (0)T , ^/ - , N . 



?2x2 = i iss' ; s,s' =t,i ; 



I4x4 • -^4x4 



(3.37) 

(3.38) 
(3.39) 



After integration over bilinear, anti-commuting fields s'(^g)' ™ (12. 79112. 90l) . we obtain the path 

integral Z[d, J^, jj/,^] (I3.40p which can be reordered into the form p.4ip with the actions ^li^srf^', ^o'^'^d] (13.42p . 
Aj^[T,a^l^^ ;d] (|3.43p of the common operator O''^ ^{t'^,tp) (I3.44p containing the gradient term of nonlocal 



coset matrices 



Z[3. 



J^(,,^J^(,^(,]= J d[a'j^^^^^,{x, x' ,tp)] e^pj-^y X] 



x,s\x' ,s' 



V\x'-x\ + l£p {Sa=b — ^a^b) 



(3.40) 



I: 



X <^ DET 



^x' ,s':x,si^q^ ^p) 



1/2 



^ x,x' s,s'=t,l 



Z[d, Jip,i Jipip] 



■^'^ x,s;x',s' 

I d\f,X,^(tp) df|;',^^,, ,,(t,)] exp {z yi^^^ [f 
exp ^Adet [f, ; ^] | exp |« Aj^ [f, <t^^ ; 



+ « Ep 



3.41) 



(O).al - 1 /■ VAA Tr 



c 



X 



111 ( '^^!'s;x',s'(*P' 



(3.42) 



(3.43) 
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3 EXTENSION TO NONLOCAL SELF-ENERGIES FOR LONG-RANGED INTERACTIONS 



-l:a a 



ba 



'D 



\A^\J[\^ + ^d) + {T-\t,) (^C + a^) f{t[) -{'k + 

rp-l;aa' (f ) f q „ \ Aff \ " xi,sv,X2,S2^ P' q' n J fb'b /^/ 



ah 



x,s;x' ,s' 
ab 

x,s;x' ,s' 



+ (3.44) 



a(f-i,f) 

In analogy to relations in section 12. 3^ the pair condensate 'seed' action term exp{i Aj [T] } is given by Eqs. 
(|3.45p to (j3.49p and can be computed by application of Vandermonde determinants for the integration measure 
of the eigenvalues 5Xs{x, tp) with the orthogonal properties of Hermite polynomials and corresponding Gaussian 
weights 



exp 



{'^'^J^^i^]} = J d[^^D;x,s;x',s'(.tp)] ?'('^A(x, fp)) CXp |z [f , 

d[dQs,s-xi,si{tp) Q^lsi;x',s'(.h)'^Mx,tp)] T{5X{x,tp)) exp |z [f , 5AQ;iX 



^^D;x,s;x',s'i^^h) " "'^^Di'Jsix'.s' '■> 



(3.45) 



det|(5S}j.^ .,.^, ,,, - (5A (5^,^/ = 0; det|(5S|f.^ ,,.^, ,,,-(- JA) 5^,^/ = ; (3.46) 



(3.47) 



tyi2 [t,6T,d;iJj 



[ dtpT. Tr 

JC a,s;b,s 
x,x' 

dtp ^ X 



V\^i^^\ + I Ep {6a=b - Sajtb) 



a,s;b,s' [ + t Ep {6a=b — Saj^b) 

'^ipip;x,s;x>,s'\''PJ x' ,s';xi,Si\''P) "^D; 



b^a 



x^s^xs^ss^ P' U\X'A,S'y,X4,,SA^ P' xa^saix's' ^ P' x's'\xi,si^ P' D: 



(3.48) 



)\xi,s\]X2,S2^ P' X2,S2;x,s^ P' 



+ 



+ 2i Tr 

a,s\b,s' 



\ P) X2,S2\X,S\ P) 



'\Xx,Sr,X2,S2 ^ P> X2,S2y 



- Tr 

a,s;b,s' 



y\x'-x\ - * ^p ^ajtb 



+ 



^ (t ) J^^°-^ (t ) 



y\x'-x\ - ^ £p ^aj^b 



A2[f,Q-^5kQ-iJ^.^]=-—j dtpY^x (3.49) 

^ x,x' 

-^0;f,s;X3,S3(*p) ^^%i^3,tp) ^0;X3,S3;x',s' (*p) ^0;x\s';xi,si (*p) '^^si(^l'^p) ^0;xi,ii;x,s(*P 



X <^ Tr 

a,s:b,s' 



V\x'-x\ + « ^p {^a=b - Sa^b) 



+ 
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+ 



2i Tr 

a,s\b,s' 



ipip;x,s;x' 



., ,(t„)f^% (t„) 6A'i^(xi,tp)f-l''''^''^ (t„)) 

',s'\ -f' 0;x,s' 1X1,81^ P' s\\ P) \)\x\,s\]X,s^ P'J 



+ 



Tr 

a,s:b,s' 



J"^t ^ (t ) J^^"^ it ) 



ab 

0:x,s 



y\x'-x\ 



(3.50) 



The analogous gradient expansion can be performed as described in section [27il for the short-ranged interaction 
case Vo 6^^^'. The involved saddle point approximation for the self-energy density field (cr^.'*^^,(x, x', tp)) is 

similar and can be taken from the pure 'density path integral' Z[(T^^;j^] (|2.115p . but with nonlocal inter- 
action V|^'_:j| in the Gaussian part; the expansion of the logarithm and the inverse of an operator D as in 



(j2.120ll2.126p straightforwardly generalizes for the case with the actions ADET[f,a^^^;3] (|3.42p . Aj^[T,a^^' -,3] 
(|3.43p with common operator ^{fg,tp) (|3.44p consisting of the nonlocal coset matrices {T{tp) g, = 



4 Summary and conclusion 

4.1 Transformation from the spatially Euclidean fields in the path integration to spherical 
variables 

As one transforms to other coordinates, one has to define invariant principles which should hold in all coor- 
dinate systems. In general we have to distinguish between Euclidean spaces, which even remain 'flat' under 
transformation to curvilinear coordinates, and spaces with nontrivial curvature which keep this property under 
arbitrary transformations to other coordinates. The latter spaces with curvature cause the known problems of 
operator ordering in the quantization procedure so that it is a priori not obvious how to transform the path 
integration fields in a curved manifold of spacetime. This turns out in particular because the path integral 
follows from the discrete time step development of the quantized Hamilton operator which already has the 
problem of the mentioned ambiguous transitions from the classical to a quantum system. Since we only use 
Euclidean, spatial base manifolds, we extend the invariant length (dsso(4))^ ()A.1|A.4|A.6P of internal degrees 
of freedom to the invariant length (dS)'^ of coordinates which introduces the additional summation over the 
space 'X^x' ■^itli \x\ < L. Therefore, we have to include two independent, spatial summations in the case of 
the nonlocal self-energy 

(dS{rx,sih),i^xAh))) = '^'i'hih) di^sAh) (4-1) 



dS{5T.t,{x,tp 



\x\<L 

E 



Tr 

,s;6,s' 



d{5T.fAs,tp)) d(5s^?,(f,g) 



{dS{5T. 



x,s;x' ,s 



E 



Tr 

a,s:b,s' 



(4.2) 



(4.3) 



Since spaces with curvature also involve the problem of determining a unique operator ordering, we suggest to 
incorporate a confining potential embedded in a higher dimensional, Euclidean base space where the quantiza- 
tion procedure is obvious. The confinement potential, inserted into the classical Lagrangian and action, should 
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then cause the restriction to the physical sub-space with the required curvature even after a quantization. 
The wavefunctions of the quantized system may extend above the entire, higher dimensional, Euclidean space, 
however, the confining potential has to be chosen in such a manner that the wavefunctions are squeezed to 
the lower dimensional, physical sub-space with the nontrivial curvature. This seems to be very feasible for 
a constant, static curvature by static confinement potentials; but, one has to find the appropriate dynamics 
of the confining potential in the nonstatic case, e. g. if one requires the confinement potential to restrict the 
higher dimensional, Euclidean system to the dynamics of the Einstein field equations in lower sub-dimensions 
in a classical limit. We can simply introduce a confinement potential for the S^-(S^-)sphere embedded in a 
two- (three-) dimensional Euclidean space in order to obtain quantization into unique coherent state path inte- 
grals with the appropriate definition of the invariant lengths given in Eqs. (j4.m4.3p . In this case the definition 
(|4.m4.3p is not affected for deriving the integration measure because the nontrivial curvature of the S'^-(S^-) 
sphere only originates from the confinement potential which restricts the two- (three-) dimensional Euclidean 
space to the physically relevant, lower dimensional spheres. 

Since we have only considered Euclidean coordinate systems in this paper, one can easily transform to 
curvilinear coordinates from the invariant lengths ()4. 1114.30 . In order to preserve identical scaling and renor- 
malization procedures, one has to require that the identical number of independent integration variables at the 
Mx (11.23P spatial grid points of spheres with radial length L stays invariant under transformation to the D = 2 
or D = 3 spherical coordinates. We distinguish the discrete coordinates of vectors Xij and Xijk by the indices 
and H,j,k\ respectively 

= % (^) ' ^D=2 = 27r ; nD=3 = 47r ; (4.4) 



D \Ax 



D=2 case : Xij = {xf ^ , xf^} = {i ■ Ax , j ■ Ax} ; (4.5) 



„(2) 



X 



D=3 case : Xijk = {x^j^^ , x^-^^ , x^^^} = {i • Ax , j • Ax , k ■ Ax| ; (4.7) 

^(2) ^(3) 



njk = ^{x'-p? + {xf? + (xf )2 < L ; tan<^,,-fc = ^; cos ^ = — ! M 

= Mr-Mn,; K = ^; ^^o = ^[-^)f'- (4-9) 

If one chooses in the radial directions the same discrete interval as in the D = 2 and D = 3 Cartesian systems, 
one remains with A/o^ grid points for the spherical degrees of freedom, although other decompositions of the 
total number Mx of grid points may also be meaningful. Therefore, we introduce following transformations 
to spherical coordinates in D = 2 (j4. 10114. 13]) and D = 3 ()4. 14114. iTj) for anti-commuting fields and for local, 
nonlocal self-energies, respectively, where the number of independent spherical integration variables is adapted 
to A/qq with Mr = Lj Ax radial points of identical, discrete intervals Ax as in the Cartesian systems (^(x) := 
Heaviside step function with Q{x) = 1 for x > and ^(x) = for x < 0) 

Mr +"^0 r -1 

#x-,.(ip) = E E ^V'n.,„^,.(^p) ^^jg ^ X (4.10) 

nr=Orra=— mo ^ 



- (n. - i) ) - - {nr + \) ) 



4. 1 Transformation from the spatially Euclidean fields in the path integration to spherical variables 
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Mr +"1-0 

E E d{5^:t'Ar,m,t,)) 

nr=0 m=—mo 



exp {2 ifij ■ m} 



(4.11) 



D=2 



Nr 



I- mo 



" ''y^jdi.^^nr,m,s\nl,m' ,s' 

nr,n'^=0 m,m'=—mo 



(tp)) 



exp |z • m| exp { — « y'j/j' • m'j 



27r 



■(4.12) 



X 
X 
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After we have substituted the transformed variables into the defining invariant lengths (|4.m4.3|) and have 
reordered summations, in particular above i,j in D = 2 and k in D = 3, one eventually achieves following 
metric tensors (I4.21|4.25p in the transformed, spherical integration variables 



{dS{6i:fA 
'ds{5^t,.^,,^At 



r, Mr +m,0 

^ D=2 



E E E di^n'^,m'Ah) 9i^.,J;nr,m ^^V'n.,m,s(tp) ; 

nr,n'^=Om,m'=—mo s=T,i 

Mr +mo 



(4.18) 



D=2 



E E \d{5T.fAnUm',tp)) d{5T.^:^^{nr,m,tp)) 

Wr,™' =0 m,m' =—mo 



D=2 



Mr 

E 



+mo 

E 



n[^' ni^^ ni^^ nl'''=0 '"i!"*2,m3,m4=-mo 



.(D=2) .(D=2) 

9 (2) (3) 9 (4) (1) 

rir ,m2\nr ,013 nr ,m4,;nr \m\ 



(4.20) 



36 



4 SUMMARY AND CONCLUSION 



9n 



(D=2) 



,m';nr,m 



exp I ipij im — m ) \ 
L ^ = ^ 



27r 



(4.21) 



dS{6Ef^,{x,t 



D=3 



[^(T^^Tj^ - K - i) ) - ^(xA^+i^ - K + i) ) 

E E E E E X 

nr,<=0 /,/'=0 m=-/ m'=-l' s=T,i 

E E E E - 

nr,<=0 /,Z'=0 m=-/ m'=-l' 

a,s;b,s L j n i > 



(4.22) 



D=3 



(4.23) 



nr.l.m ' 



(iS'((5Il^^^; /(tp) 



D=3 



E 



lo +h +h +h +h 

E E E E E X 



(4.24) 



^n' , I' ,m' -.nr.l.m 



n[^\nf^',nf^',nf''-0^i'^2''3'^'*^''™i^~'i m2=-Z2 m3=-/3 m4=-/4 

X Tr [d(5E% (2), ,(tp)) , (4), {tp)) 

y (2) , (3) , y (4) , (1) , 1 

n,. ,(2,m2;nr i'3i'Tl3 n,r \l4,m4-,nr ,(i,mi 

= ^ yim{°&ijk,^ijk)Y{;^^,{dijk,'-Pijk) X (4.25) 

X + j2 + fe2 _ _ 1) ) _ Q(^^i2 + j-2 + ^2 _ + 1 ) ) 

9{^/i^T]^T^-{n[-\))-e{^/i^TF^-K + \)) 

The Jacobian for the change to spherical coordinates is given by the (inverse) square roots of the determinant 
of the metric tensor. The nonlocal self-energies are weighted by the square of the integration measure compared 
to the local self-energies because of the square of independent spatial integration variables. 



4.2 Generic use of the described coherent state path integral with precise, discrete time 
steps 

In this paper we have mainly described technical details of coherent state path integrals; however, it has to be 
pointed out that the necessary limits and time step correction in the resulting complex fields are usually omitted 
for brevity. Some references [U [T3] even state insurmountable problems with coherent state path integrals, due 
to ambiguous choices of discrete time steps; however, as we have already mentioned in sections [T] and [2l [3] 
with nontrivial SSB, one should not be guided by the appealing property for hermitian actions in coherent 
state path integrals because this implies simultaneous action of field operators with their hermitian conjugated 
operators at the same spacetime point which involves infinities from the (anti-)commutators. Therefore, the 
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chosen normal ordering in this paper is particularly suited for the coherent state path integrals and causes 
the hermitian conjugated field operators to transform to complex conjugated fields gi^p ^^p) acting a 
discrete time step 'Atp' later than the corresponding fields ips s{tp) which are located on the right-hand side of 
the hermitian conjugated operators. However, since we aim to achieve a coset decomposition of self-energies 
into block diagonal density and off-diagonal pair condensate parts, one has to take the 'equal time' hermitian 
and transposition operations for the self-energy which follow from the symmetries of the 'equal time' dyadic 
products of anomalous doubled, anti-commuting fields. In comparison to the 'lax', sloppy, hermitian form 
of coherent state path integrals, the essential changes only result from the originally defined ()2.13p . 'time 
shifted' Atp, anomalous doubled field ^% g{tp) with the hermitian conjugation '"', ^'t"^(tp) (j2.14p and time shift 
correction in the resulting complex part. Straightforward use of these time shift corrections Atp only causes 
a few amendments so that the abridged 'lax' hermitian forms can be conveyed to the precise, discrete steps 
of the time development. Therefore, one can directly read from previous articles [U [71 [HI [U [TT| [14] the exact, 
precise non-hermitian forms with the correct, discrete time steps. 

The precise, discrete time steps of this paper can also be transferred to the case of disordered systems 
with an ensemble average of a random potential [9j. Further applications of coherent state path integrals are 
possible for quantum systems with fixed particle- and symmetry quantum-numbers where we take the trace with 
coherent states over delta functions of second quantized operators which determine the maximal commuting 
set of symmetry transformations 

q{E, /, s; no, Zz, Sz) = Coherent state path integral of the trace of (4.26) 
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g{Ei,E2, 1, s; no, Iz, Sz) = disordered system with ensemble average for Bz (4.27) 



dihsz-s^i^^Ki')) si^hiz-L^ii^l^p)) 5(no-iV(^t,v;)) X 

X 5(^;i2 + 1) - 5(^t, ^) . 5('0t, ^) ) 5(h^ 1(1 + 1) - L(Vit, ^) . L(^t, ^) ^ X 



The delta functions have standard representations with the Dirac identity and integrations over exponentials 
where one has to take into account the described, precise steps of the time development in this article 

1 Principal value ^, ^-v, ?+ ? „ ^ 

lim — . = — . ±171 5{E - H{'ib\iL;BM ; 4.28 

e+-*o+ E-H{i;\,p-Bz)±te+ E-H{'^l^-Bz) ^ ' " 



5{E - H{ij\A;Bz)) = lim lim V / 



■PE 



2i:h 



X (4.29) 



X e^l -iripj^ ^ i^E - H{tlj'f,ip;Bz)) -lEpj^ 

However, as we have verified in previous sections, one has only to amend a few changes in order to accomplish 
the exact time development for the case of fixed particle- and symmetry quantum numbers. This allows to 
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A JACOBIAN AND INTEGRATION MEASURE S0(4) / (7(2) (g, U{2) 



derive nonlinear sigma models from coherent state path integrals (even for the relativistic case) with the given 
description of the HST and coset decomposition for constrained cases of second quantized operators. 



A Jacobian and integration measure SO(4) /U(2) U(2) 



In this appendix we outline a few details for deriving the integration measure of a coset decomposition of so (4) 
generators and corresponding fields. The reader is referred for more details to Ref. [U [TSl [16] where the more 
general case of an ortho-symplectic super-group is investigated and the super-symmetric integration measure 
is attained from the square root of the super-determinant of the Osp(5, S\2L) / \]{L\S) (8> V{L\S) metric tensor 
(5=even integer, L=odd integer, both related to angular momentum degrees of freedom of fermions and bosons, 
respectively.). 

We begin with the 'flat', Euclidean form of the self-energy of so(4) generators and their fields and define 
an invariant length (dsgo{4) )^ (jA.ip of internal degrees of freedom which is accomplished by taking the trace 
over spin space and the anomalous doubling of fields 

= - Tr [d{6^) d{6i)] = - Tr [d{f 6t'if f~^) d{f 6t^^ f~^)] (A.l) 

a,s;b,s' a,s;b,s' 

= - Tr ^ [diTQ^ <5A4x4 QT^) d{T_Q^ 5A4x4 g£_^)] ; 



(c^sso{4))' 
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21);4x4 — ^4x4 Q4X4 j 

d(5S) = d{% 5k f^^] 



+ d{5k)]f. 



(A.2) 
(A.3) 



Using the definition ()A.2p and the relation (jA.Sh for the self-energy, we transform the coset decomposition 
S0(4) / U(2) U(2), already inserted into (jA.ip . to the traces of the eigenvalues, to the traces of block diagonal 
'11', '22' density parts as u(2) sub-algebra elements and to the traces '12-21', '21-12' of coset generators and 
pair condensate terms. Note that the coset part of the complete S0(4) integrations also contains products of 
the eigenvalues which are finally to be shifted to the u(2) density part of the integration measure 
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+ 2 tr 



--hi L 



{5Xs> + 5X,f 



[To' dn)ll 



(5X.' - 5X. 



The infinitesimal variation T^^ dT of coset matrices consists of off-diagonal so(4) /u(2) coset generators for 
pair condensates and block diagonal u(2) sub-algebra generators for the density part of the self-energy; however, 
the latter u(2) density and sub-algebra part within T^^ dT can be absorbed into dQ of u(2) sub-algebra 
generators with the corresponding, independent density field variables of the self-energy 



fr^ dfo = Q ( f -1 df - Q'^ dQ] Q-^ . 



(A.5) 
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Therefore, we can reduce the block diagonal density summation with '11' (or '22') of (Tg ^ dTo)ll, to {Q ^ dQ)lli 



within following relation 

v2 



(dsso{4)) = -2 tr [d{6Xs)d{6Xs)]+2 tr dQ)';^, {Q~UQy;^ {6Xs' - SXsY + (A.6) 
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As one applies the introduced, independent parameter fields of diagonalizing matrices Q'^^, (x, tp) (|A.7IIA.10]) 
and coset matrices T{x,tp) ()A.lllA.12p (compare sections [2]) , one can eventually compute the invariant length 
((isso{4))^ in terms of density fields and pair condensate terms of the so(4) self-energy 
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{d{5X^)f + {d{5X^)y 



{d\y\f+[d^f sin2(|y|) cos2(|J|) 



{d\f\f + {dcl^f sinh2(|/|) cosh2(|/|) 



(^1 + 5X^ 



[5X^-5X^f + 

(A.13) 



We shift the eigenvalue self-energy densities in terms of a polynomial y{5X{x^tp) ) ()A.14p from the coset and 
pair condensate part to the density part (i[(5S£)(x, tp)], resulting from the U(2) sub-group integration measure, 
and achieve the invariant integration measure of densities (IA.15|) and pair condensates (IA.16P by performing 
the square root of the determinant of the metric tensors within ((isso(4) )^ ()A.13P 



'?{5X{x,tp)) = JJ |5A|(f,tp) + (5A|(f,tp 

{X,tp} 

d[5tD{x,tp)] ^{dXix.tp)) = d[dQ{x,tp)Q-^{x,tp)-5X{x,tp)\ a'(5A(x,tp)) = 
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X d{\3'{x,tp)\) sin (|y(x,tp)|) cos {\3'{x,tp)\) dip{x,tp)y, 
d[f-\x,tp) df{x,tp)] = H |8(i(|/(x,g|) sinh(|/(x,g|) cosh(|/(f,tp)|) d^{x, tp)\ .{A.16) 

{X,tp} ^ ^ 

Furthermore, we remind that the source term exp{z Aj [T]} (|2.108p contains the correction cosh~^(2|/(x, tp)\) 
for the integration measure ()A.16p so that the total, complete integration measure of pair condensates is in fact 
given by 

{X,tp } 

= n {8d{\f{x,tp)\) smh{\f{x,tp)\) cosh(|/(x,g|) dcPix,tp)\ x [] [^^—^ 

= n |4d(l/(^^.^p)l) ''ta^o'i^f-^y^'n ^'^(-^'*.)|= n |-4cosh-^(2|/(x,gi)) 

{it}^ cosh (2|/(x,tp)|) J ^^^^^^^l V J J 

= n d[tanh2(2|/(x,tp)|)-l] d[cP{x,tp)] = J] d[tanh2(2|/(f , (i[</.(f , t^)] . 
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